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Detection of Changes in Global Structural Stiffness
Coefficients Using Acceleration Feedback
Nebojsa Sebastijanovic1; Henry T. Y. Yang, M.ASCE2; and Tian-Wei Ma3

Abstract: This technical note presents an extension of a previous study where two methods for detecting structural damage have been
developed by using displacement and velocity measurements. In this study, acceleration feedback is used in detecting changes in global
structural stiffness coefficients of lumped-mass-shear-beam models. The previously developed method relies on the decoupling of effects
of changes in stiffness at different locations and the use of displacement or velocity feedback has proven to be effective. Extension to the
use of acceleration feedback using existing formulation is not trivial in that the desired decoupling effect cannot be achieved by simple
coordinate transformation because the acceleration itself is directly related to the stiffness coefficients. An approach to circumvent this
difficulty is presented and it involves increasing the order of time derivatives of the linear system so that the acceleration becomes the
“velocity” of the new system. The performance of the proposed method is demonstrated using an illustrative example of a three-story
model with stiffness changes at different floors. Numerical studies are also conducted to evaluate the time horizons required to normalize
monitor outputs for the effective and efficient detection of stiffness changes.
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Introduction

In a previous study by Ma et al. �2005�, a method for simulta-
neously identifying and locating changes in structural stiffness
has been developed. The measured structural responses were as-
sumed to be displacements and velocities. However, these types
of structural responses are not as easily and accurately obtainable
as accelerations, which have been commonly obtained through
the use of accelerometers. Accelerometers are both relatively in-
expensive and reliable. Acceleration feedback has been used in
the control of structures �Dyke et al. 1996; Mei et al. 2002; Chris-
tenson et al. 2003� and Spencer et al. �1995� have successfully
implemented acceleration feedback strategies and have shown
that they are effective, robust, and practically implementable.

In this study, the previously developed method based on dis-
placement or velocity measurements for the detection of changes
in global structural stiffness coefficients is extended to the case of
acceleration feedback. This is not trivial due to the fact that the
desired decoupling effect cannot be readily achieved by simple

1Research Assistant, Dept. of Mechanical Engineering, Univ. of Cali-
fornia, Santa Barbara, CA 93106.

2Professor, Dept. of Mechanical Engineering, Univ. of California,
Santa Barbara, CA 93106 �corresponding author�. E-mail: henry.yang@
chancellor.ucsb.edu

3Assistant Professor, Dept. of Civil and Environmental Engineering,
Univ. of Hawaii at Manoa, Honolulu, HI 96822.

Note. This manuscript was submitted on October 30, 2009; approved
on March 9, 2010; published online on August 13, 2010. Discussion
period open until February 1, 2011; separate discussions must be submit-
ted for individual papers. This technical note is part of the Journal of
Engineering Mechanics, Vol. 136, No. 9, September 1, 2010. ©ASCE,

ISSN 0733-9399/2010/9-1187–1191/$25.00.

JOURNAL O

J. Eng. Mech. 2010.13
coordinate transformation because the acceleration itself is di-
rectly related to the stiffness coefficients. An approach to circum-
vent this difficulty is presented and it involves increasing the
order of time derivatives of the linear system so that the accelera-
tion becomes the “velocity” of the new system. The previously
developed approach can thus be valid for acceleration measure-
ments. The performance of the proposed method is demonstrated
using an illustrative example of a three-story model with stiffness
changes at different floors.

For all cases considered, monitor outputs are normalized in
order to obtain a dimensionless indicator for stiffness changes.
The effectiveness of the damage detection algorithm was found in
Ma et al. �2005� to be dependent on the time horizon of past
measurements used to normalize measured responses. Herein, the
results of extensive numerical simulations are reported to study
how the time horizon can be chosen small enough that the quick
detection of stiffness changes is possible, but not so small that
inaccuracies are misdiagnosed as stiffness changes. This study
suggests that using acceleration feedback may require a longer
time horizon to accurately start monitoring for stiffness changes
possibly due to the reduced accuracy from using the time deriva-
tive of acceleration, which is an order of magnitude less accurate
than the original measurement. Such possible accuracy loss due to
performing derivatives can be remedied and the time horizon can
be shortened with the use of smaller time steps in performing the
integration over the selected time horizon, which is limited, how-
ever, by the time steps chosen when collecting the earthquake
data. On the other hand, as long as one can clearly distinguish the
monitor output data or curves that indicate stiffness changes, the

purpose of identifying the stiffness changes can be fulfilled.
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Algorithm Formulation

The problem of detecting changes in the stiffness coefficients of
linear lumped-mass-shear-beam building structures subjected to
seismic excitation is considered. The governing equation of such
a structure can be written as

Mẍ + Csẋ + Kx = − M · 1w �1�

where x=displacement vector; w denotes the ground acceleration
time history of the earthquake; M, K, and Cs=mass, stiffness, and
damping matrices of the original structure, respectively; and 1
denotes a column vector with all elements being 1.

A solution based on the measured state vectors, i.e., x and ẋ,
has been developed by designing a “monitor” for every stiffness
coefficient �Ma et al. 2005�. One monitor responds only to
changes in the corresponding stiffness coefficient; i.e., its output
will not be affected by changes in other stiffness coefficients;
thus, the occurrence and location of stiffness changes can be de-
termined. A monitor is essentially a linear observer, which has the
following state space representation:

ẋ̃a,i = Ãax̃a,i + Giw − Ea,iy, i = 1,2, . . . ,n

z̃a,i = Crax̃a,i = Cy,iy �2�

where

Ãa = � 0 � mi/n

mi

−
ki

� mi/n
− � �,

Gi =
1

�
i=1

n

mi/n
�0 �

j=1

n

mj�r

, Cra = �0 1 	

Cy,i =
1

� mi/n
�0i��i−1� mi ¯ mn 	 �3�

Ea,i = �0i��i−2� − 1 0
mi+1

mi

¯

mn

mi

0i��i−2�

− ci

� mi/n

ci − �mi

� mi/n

− �mi+1

� mi/n
¯

− �mn

� mi/n
�
�4�

in which mi=mass of the ith floor; n=number of floors; and y
=velocity measurements. The error of the observer z̃a,i is suffi-
ciently small, i.e., ri= z̃a,i−Cy,iy
0 if the ith stiffness coefficient
does not change, i.e., �ki=0 and only in the case where �ki�0,
ri�0. Thus, by monitoring such error, the changes in stiffness
coefficients can be detected.

In practice, absolute accelerations can be measured much more
easily as compared to velocities. The absolute acceleration mea-
surements have the form

ẍ + 1w = − M−1�Csẋ + Kx� �5�

Since the measured absolute acceleration contains information
about the system stiffness, designing a monitor that responds only

to one stiffness coefficient is not directly possible using the ap-
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proach developed in the previous study. An approach of circum-
venting such a difficulty is proposed based on increasing the order
of the system so that accelerations are the states of the system;
furthermore, the accelerations become pseudovelocities of the
system with an augmented order.

Differentiating Eq. �5� with respect to time yields

Mx� + Csẍ + Kẋ = − M · 1ẇ �6�

If it is defined that

ẋ̃1 = ẍ = x̃2 �7�

then

ẋ̃2 = x� = − M−1�Kẋ + Csẍ� − 1w �8�

Note that x̃2=floor accelerations relative to the ground.
The following equations are thus readily established:

� ẋ̃1

ẋ̃2

� = � 0 I

− M−1K − M−1Cs
��x̃1

ẋ̃2
� + � 0

− 1
�ẇ

y = x̃2 + 1w �9�

In Eq. �9�, the accelerations relative to the ground are states �“ve-
locities”� of the new system and they can be obtained by subtract-
ing the ground acceleration from the measured absolute
acceleration. Thus, a monitor can be designed for every stiffness
coefficient for system �9� using the approach summarized in Eqs.
�2�–�4�, which is the same as the one based on the velocity feed-
back �Ma et al. 2005�.

As shown in Eq. �9�, an obvious difficulty encountered using
the acceleration feedback is that the time derivatives of the
ground acceleration due to external earthquake excitations are
needed in the monitor design process. Such a derivative is ap-
proximated in this study by using the basic linear central finite
difference technique. The sampling time interval, �t, is chosen
based on the characteristic of the measured ground acceleration
due to the earthquake excitation, w. This �t must be sufficiently
small to accurately represent the response curves, especially for
those half-cycles with high peaks and short periods. The deriva-
tive obtained this way is linear for any time instance between two
measurement points. If the sampling data are not sufficiently re-
fined and the oscillation during the small �t time period �between
two sampling points� is noticeable, the approximation would in-
volve error to some degree. This would result in having monitors
with a low sensitivity.

For the examples illustrated in this study, the N-S component
of the 1940 El Centro earthquake was chosen as the external
excitation with a sampling frequency of 50 Hz, i.e., sampling time
interval of 0.02 s. The dominant frequency of this excitation was
found to be 1.9 Hz with a period of about 0.5 s, which is signifi-
cantly lower than the sampling frequency of 50 Hz and signifi-
cantly higher than the sampling time interval of 0.02 s chosen.
The derivative obtained by the presently proposed finite differ-
ence method is evaluated by a series of subsequent numerical
examples.

Monitor outputs are normalized with respect to the measure-

ments as follows:
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rnorm,i�t� =��
t−th

t

ri
2���d�

�
t−th

t

ȳi
2���d�

, ȳi�t� = Cy,iy �10�

where rnorm,i=normalized output for the ith monitor; ri=output for
the ith monitor; y=measurement vector; and th=integration time
horizon of past measurements used for normalization. Such nor-
malized output is dimensionless and thus serves as a better indi-
cator for stiffness changes.

Extensive numerical simulations are conducted here to study
the integration time horizon th and time intervals �t required to
integrate through time history responses in order to normalize the
monitor outputs and to design a monitor that would not only
quickly begin monitoring for stiffness changes but also detect
such changes accurately, i.e., without false readings. The selection
of th is crucial and it is studied numerically and discussed in detail
through illustrative examples in the following section.

Numerical Simulations

The structure considered in this study was a three-story model
used by Yang et al. �1995�. The mass, stiffness, and the damping
coefficients of each floor were assumed as 1,000 kg, 980 kN/m,
and 1.407 kN-s/m, respectively. The N-S component of the
ground acceleration of the 1940 El Centro earthquake was used as
excitation. The percent stiffness changes are indicated by �i,
where “i” =floor number. For the original structure, �i=0%. In
this study, no sensor noise was added to the measurements in
order to focus on evaluating the performance of the proposed
algorithm in the ideal case. The effect of the sensor noise needs
further in-depth investigation.

Simulation results for different stiffness change scenarios of
this model are shown in Fig. 1 for the acceleration feedback. It
can be observed that in each case when there is a stiffness change
��i�0�, the resulting monitor output deviates from zero. Normal-
ized monitor outputs also indicate the presence of damage by a
clearly increased value as compared to the unchanged case. It was
also noted that monitor output curves for floors with stiffness
changes, in addition to having a clear jump as compared to the
monitor curves for the floors without stiffness changes, become
more flat as the value of th is increased, as can be seen in Fig. 2
��2=20%� and Fig. 3 ��2=20%, �3=10%�.

By increasing th, it was observed that the normalized monitor
output, rnorm,i, converges to a specific value for each scenario
analyzed. The results are summarized in Table 1. From these re-
sults, it can be noticed that for each case when there is a stiffness
change, the monitor outputs for the corresponding floor are
clearly increased as compared to the monitor outputs of the floors
with unchanged stiffness. Also, the ratio between the monitor out-
puts for the floors with stiffness changes and those without, which
is indicated in Table 1 by r�, could be used as an indicator of
detected damage. Furthermore, the converged values of the nor-
malized monitor output seem to be the same as the mean values
over the entire time history for each example considered. For
illustrative purposes, error bars for the normalized output ob-
tained using different integration time horizons are shown in Fig.
4 for the case when the second and third floors were assumed
damaged. Each error bar shows the maximum and minimal values

and the mean value of the corresponding normalized output,
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Fig. 1. Damage detection for the three-story model using accelera-
tion feedback: �a� no damage �all �i=0%, th=0.5 s�; �b� second floor
is damaged ��2=20%, th=0.5 s�; and �c� second and third floors are
damaged ��2=20% and �3=10%, th=2 s�
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Fig. 2. Effect of the integration time th on monitor performance for
the three-story model using acceleration feedback: Case �b� second
floor is damaged ��2=20%�
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which is marked by a circle, square, and triangle for Monitors 1,
2, and 3, respectively. It is seen that the integration time horizon
does not affect the mean value of the normalized output notice-
ably. However, a shorter integration time horizon generates larger
fluctuations of the normalized output as demonstrated by the
overlaps of the error bars, which may increase the possibility of
false warnings. Particularly for the cases considered, the integra-
tion time horizon th required to design an accurate monitor was
found to be 0.3 s for the case of single stiffness change �as shown
in Fig. 2� while it was necessary to select th=0.5 or even 1 s if
there were changes in multiple floors, as shown in Fig. 3.

Concluding Remarks

A method for detecting changes in stiffness coefficients using
acceleration measurements has been presented. The method is
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Fig. 3. Effect of the integration time th on monitor performance for
the three-story model using acceleration feedback: Case �c� second
and third floors are damaged ��2=20% and �3=10%�

Table 1. Normalized Monitor Output, rnorm,i�t�, for the Three-Story
Model; Full Time History

Floors with stiffness changes

Normalized
monitor output,

rnorm,i

Acceleration
feedback

Second ��2=20%� r1 0.0095

r2 �r�� 0.062 �6.5�

r3 0.0095

Second, third ��2=20%, �3=10%� r1 0.0095

r2, �r�� 0.062 �6.5�

r3, �r�� 0.04 �4�

Note: r� indicates the ratio between the monitor output for damaged and
undamaged floors, i.e., r�=rnorm,i�damaged floor� /rnorm,i�undamaged

floor�.
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based on increasing the order of time derivatives of the linear
system so that the stiffness changes can be decoupled similar to
the case presented in a previous study where displacement and
velocity measurements were used. In this study, it was shown that
stiffness changes could be detected for the example considered
using the proposed method. In the cases studied, the separation of
the normalized outputs of the monitors corresponding to the floors
with stiffness changes and those for the ones without changes
were obvious. It is noted that the detection algorithm is based on
decoupling the effects of changes in system parameters on the
structural response. For lumped-mass models, which could be
those of buildings and bridges, the desired decoupling effect may
be relatively easy to obtain. For more complex models, decou-
pling may be difficult, but still possible if the corresponding re-
sponse can be determined.

It was also shown that the integration time horizon that is used
for normalization plays an important role in detecting stiffness
changes. A longer time horizon would delay the detection, but
have better accuracy while a shorter one would enable faster de-
tection, but the possibility of false warnings may also increase.
Due to the loss of numerical accuracy resulting from the use of
the time derivative of acceleration, monitors designed using ac-
celeration feedback may require a longer integration time horizon
to accurately start monitoring for damage. Such accuracy loss due
to performing derivatives can be remedied and the required inte-
gration time horizon can be shortened with the use of smaller time
steps in performing the integration, which is limited by the time
steps chosen for collecting the earthquake data.

It is noted that in order to focus on the concept of using ac-
celeration measurements to detect stiffness changes, some practi-
cal issues, such as the measurement noise, relation of structural
damage �missing members, cracks, etc.� to changes in the inter-
story stiffness, effect of different earthquakes and/or structural
types on the integration time horizon th, real-time damage detec-
tion, etc., require future in-depth study. As a logical next step,
these issues, in combination with detailed theoretical and experi-
mental investigations, are thus recommended in a future study.
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