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Structural Mechanics Based
Model for the Force-Bearing
Elements Within the Cytoskeleton
of a Cell Adhered on a Bed of
Posts

Mechanical forces play a vital role in the activities of cells and their interaction with
biological and nonbiological material. Various experiments have successfully measured
forces exerted by the cells when in contact with a substrate, but the intracellular contractile
machinery leading to these actions is not entirely understood. Tan et al., (2003, “Cells
Lying on a Bed of Microneedles: An Approach to Isolate Mechanical Force,” Proc. Natl.
Acad. Sci. USA, 100(4), pp. 1484—1489) use a bed of PDMS posts as the substrate for cells
and measure the localized mechanical forces exerted by the cell cytoskeleton on the posts.
In live cell experiments for this setup, post deflections are measured, and from these results
the forces applied by the cell are calculated. From such results, it is desirable to quantify
the contractile tensions generated in the force-bearing elements corresponding to the stress
fibers within the cell cytoskeleton that generate the loads applied to the posts. The purpose
of the present article is to consider the cytoskeleton as a discrete network of force-bearing
elements, and present a structural mechanics based methodology to estimate the configura-
tion of the network, and the contractile tension in the corresponding stress fibers. The net-
work of stress fibers is modeled as a structure of truss elements connected among the posts
adhered to a single cell. In-plane force equilibrium among the network of stress fibers and
the system of posts is utilized to calculate the tension forces in the network elements. A
Moore-Penrose pseudo-inverse is used to solve the linear equations obtained from the
mechanical equilibrium of the cell-posts system, thereby obtaining a least squares fit of the
stress fiber tensions to the post deflections. The predicted network of force-bearing elements
provides an approximated distribution of the prominent stress fibers connected among

deflected posts, and the tensions in each fibril. [DOI: 10.1115/1.4006452]

1 Introduction

Cells are small, deformable, highly sensitive structures, filled
with an aqueous medium and enclosed in a flimsy plasma mem-
brane; yet they are the very basis of all living organisms, including
the strongest. The source of their capability is their ability to bond
with the extra-cellular environment, and to support and generate
substantial mechanical forces. Interaction of the cell with biological
and nonbiological material involves mechanical forces, which are
originated and supported by various structural elements of the cyto-
skeleton. Hence, the mechanical aspect of the structural organiza-
tion of the cytoskeleton is of primary importance because various
cell functions are directly related with cytoskeleton contractility,
active remodeling, and deformability [1]. Cells react to external
mechanical forces by altering the chemical activities that control
the overall cytoskeletal organization and cell shape, regulated pre-
dominantly by actin filaments. The cytoskeleton structure is con-
nected to the extra-cellular matrix or the cell substrate via integrin-
ligand bond complexes, also known as focal adhesions, which act
as anchors between the extra-cellular substrate and the cell, and are
responsible for transmitting and supporting the mechanical forces
generated by the cytoskeletal machinery. Actin filaments, in the
form of stress fibers, are capable of generating intracellular me-
chanical forces, but little is known in a quantitative manner about
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this force generation, the formation of stress fibers, the variation of
forces in the stress fibers, and the implication of these phenomena
on overall cell behavior [2].

Various studies have shown that nanonewton-scale forces are
exerted by the cell on its substrate; such forces are difficult to
measure and analyze [3]. Several efforts have been made to track
the deformations and traction forces generated by cells by mount-
ing them on soft and compliant substrates [4-9]. For example, in
some experiments, displacements of beads and microfabricated
markers embedded in cells are analyzed in order to calculate the
forces generated by them [4,10]. In such experiments, continuous
or flat substrates allow extensive propagation of deformations,
and the formation of many focal adhesions, making it hard to
measure the deflection of the substrate at every single contact
point [4,10,11]. Although these experiments provide important
insights into the cell contractility, most of them have the limita-
tion of being computationally intensive. On the other hand,
experiments by Tan et al. [12] have had significant success in
measuring the localized contractile forces generated by the cell
when it comes in contact with a substrate. In these experiments,
the cell is laid on a bed of microneedles (posts of PDMS), and
makes focal adhesions only on top of the posts. This system
results in a modest number of contact points, and deflection of
the posts can be accurately measured and easily translated into a
traction force map for the cell [12]. In this paper, we present a
modeling methodology to quantify the forces in the intracellular
actin network observed experimentally in the cell-on-posts setup
utilized by Tan et al. [12].
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An understanding of the forces exerted by actin fibrils can be
used to elucidate the governing rules for cell interaction with their
external environment. Previous modeling attempts include the
consideration of the cell as an elastic shell surrounding a visco-
elastic core [13—15], and the cell as an isotropic elastic medium
[16]. Continuum approaches are based on the fact that the internal
cellular microstructure functions on a smaller scale compared to
the size of the cell, and therefore the contractility in the cell can
be considered to be continuous throughout its volume. On the
other hand, several other models treat the cytoskeleton as a net-
work of discrete structural elements. In one such approach, the
cell is modeled as a tensegrity structure made of compressive and
tensile structural elements [2,17-20]. In another approach, the cell
is treated as an interlinked structure of passive elements [21], and
in a third, as a discrete set of elastic filaments [22]. These discrete
fiber models do not incorporate actin-myosin contractility per se
into the structural elements of the cytoskeleton network, though
some utilize stress fiber shrinkage to simulate cytoskeletal force
generation. In this context, it is well established that the cell cyto-
skeleton is an interconnected structure made of three types of fila-
ments (actin, microtubules, and intermediate filaments), and that
actin-myosin interaction is the origin of the contractile’s force that
are transmitted to the cell substrate via focal adhesions [2].

We note that we have developed a coupled chemo-bio-
mechanical model separately for cell contractility, the development
and remodeling of the actin-myosin cytoskeleton [23,24], and the
formation and development of focal adhesions [25]. This other
model parallels and duplicates the outcomes of the present paper
by use of a continuum description of the cytoskeleton, and by cou-
pling mechanosensitivie features into the chemical kinetics of the
formation, remodeling and dispersion of the actin-myosin cyto-
skeleton. We believe that the continuum model as described in the
above three papers is perhaps more versatile, capable of greater
accuracy, and brings more complete insights into the biochemo-
mechanical phenomena taking place within the cell. However, the
discrete, truss-element based model described in the present paper
has attractive features, and in many ways is the obvious simula-
tion methodology for an actin-myosin cytoskeleton composed of
discrete fibrils. Therefore, we feel it is appropriate to explore such
a model, and to place its advantages and limitations in the litera-
ture, so that others can judge whether it represents a tool that they
wish to take advantage of for the purpose of modeling cell
mechanics. In this regard, we note that the discrete, truss-element
model is capable of a degree of accuracy in its ability to simulate
the location of the most prominent stress fibers in the cytoskele-
ton, and, by implication, the tensions within such dominant fibrils.
In this regard, the model is biologically relevant, and may be sig-
nificant in connection with tools that are needed for association
with therapies, diseases and conditions controlled by the contract-
ile machinery of the cell, at least as far as in vitro studies are con-
cerned that use cells adhered to a bed of posts. Certainly, more
accurate models are feasible, and, as noted above, we have pur-
sued such advances ourselves. However, the simplicity and ease
of computation involved in the use of the discrete, truss-element
model has a certain attraction and utility; as in all engineering, the
accuracy of a model must be balanced against the cost and com-
plexity of its use, and different objectives demand different levels
of modeling accuracy. We believe this point of view is appropriate
for the biomechanics of cells, and, in this spirit, put forward in
this paper our discrete, truss-element model for the actin-myosin
cytoskeleton and the associated tensions in its fibrils.

In the model developed for this study, we incorporate contrac-
tility into the structure of the stress fibers, and simulate the cell
for known deformations of the post bed utilized by Tan et al.
[12] for their experiments. Since, the stress fibers are known to
generate and exert the majority of intracellular forces, we
assume close synonymity between the stress fibers and the force-
bearing elements inside the cell cytoskeleton modeled in this
study. First, we present a method to depict the actin fibril structure
as a simple network, composed of a finite number of stress fibers
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such that all the posts covered by a single cell are connected with
each other, as depicted in Fig. 1 and calculate the equivalent ten-
sions exerted by the fibrils. Post deflections measured in the
experiments are used to determine this solution for the tensions in
the stress fibers. In the following sections, a brief biological back-
ground and a structural mechanics based methodology for calcu-
lating the tensions in the stress fiber network, along with a set of
sample calculations, is presented.

2 Defining a Structure of Stress Fibers Within a
Single Cell Adhered on Top of Posts

The experimental setup of Tan et al. [12] is utilized for the
measurements presented here, and adopted as the basis of our
modeling. In these experiments, arrays of closely spaced vertical
microneedles (posts) of PDMS were designed and utilized to en-
courage cells to attach and spread across multiple posts. Only the
tops of the posts are coated with fibronectin, hence restricting the
cell to form focal adhesions there only, and the contractile forces
generated by the cell lead to loads being applied to the tips of the
microneedles. As a result, the posts are vertical cantilevers, and
bend as the cell probes the surface and applies forces. The deflec-
tion of each post occurs independently of its neighbors, and
reports the distribution of traction forces under the spread cell,
where such tractions lie in the plane orthogonal to the axis of the
posts. Note that the components of the traction forces parallel to
the axis of the posts are not measured in the experimental setup of
Tan et al. [12]. The forces applied by the cell are determined from
measurements of the post deflections, and the forces and deflec-
tions are related through

3nD*E
F = =
ko, k 6413

(€]

where F is the magnitude of the applied force, £ is the stiffness of
the post, 0 is the deflection of the top of the post, aligned with the
direction of the applied force, D is the diameter of the circular
cross-section of the post, £ is Young’s modulus for PDMS, and L
is the height of the post. Hence, the post behavior is treated as that
of a simple spring with spring constant k. The spring constant of
the posts in the relevant experiments and thus utilized for the pres-
ent analysis is k =32 nN/um.

Contractility generated by the actin bundles, also known as
stress fibers, plays a vital role in overall cell response. Wang and
Suo [26] show images where the stress fibers can be seen travers-
ing the cytoskeleton, which suggests that similar stress fibers can
be implicated for the interconnections among the posts in our
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Fig. 1 A schematic depiction of a two-dimensional cell lying
on top of a bed of posts, where the posts located near the pe-
riphery of the cell get deflected inward due to cell contractility.
The cytoskeletal mesh responsible for cell contractility is pro-
posed to be equivalent to a truss network composed tensile
structural elements connected among the deflected posts.
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Fig. 2 (a) Top-view of the fibroblast cell adhered on a bed of
PDMS posts, where the cytoskeleton is stained for F-actin. (b)
Discrete truss elements are sketched arbitrarily by straight
lines that represent the stress fibers equivalent to the overall
actin mesh seen dispersed over the entire cell area. This net-
work of truss elements is a pictorial representation of how an
actual actin network can be replaced by finite number of dis-
crete stress fibers that generates the equivalent effects of an
actual cytoskeletal actin mesh. Here, 10 deflected posts at the
periphery of the cell are marked.

setup. In other experiments, the cytoskeleton is stained for actin
protein and the visual images suggest that stress fibers exist in the
form of a mesh, as shown in Fig. 2(a) [2,23]. This actin mesh can
be simplified in a somewhat arbitrary manner in terms of an
equivalent, finite number of stress fibers that represent the actin
mesh existent in the cell, as depicted in Fig. 2(b). This logic is
used for depicting the actin mesh network as a structure of a finite
number of equivalent stress fibers.

Consider the network of fibrils between all posts deflected
by the cell at any moment; theoretically every post can be
connected to every other post, i.e. the total number of possible
connections among 7, posts is "»C5, denoted as ;. In-plane equi-
librium of the contractile forces generated by the fibrils, and
reaction forces associated with the deflected posts, provides gov-
erning equations for the system. In general, such a system will
be statically indeterminate, since the number of independent
equations provided by the condition of force equilibrium will be
less than the number of unknown tensile forces in the fibrils. In
order to solve the equations of such a structural system, we must
reduce it to a tractable form while incorporating all possible
interconnections among the posts. For such a structure, the total
number of known parameters is 2n,, corresponding to the x and y
components of the deflection of n, posts, and the total number of
unknown parameters is n¢, corresponding to the tension in each
of the ny fibrils.

In 2D space, the original, undisplaced position vectors of the
tops of the posts, X, and the displacement vectors of the tops of
the posts, u, are known. Thus, the deflected position vector of the
i’ post can be obtained by using

X=Xt ®)

where, X' is the position of the bottom of post i, lfi is the displace-
ment of the top of post i, and X' is the deflected position of the top
of post i. For a network of fibrils connecting 7, posts, equilibrium
for every post must be satisfied such that the contractile tension
force in the fibrils causes the observed deflection of each post.

Assembly of the equilibrium equations is demonstrated as
follows: a post i is connected with post & via a fibril j, as shown in
Fig. 3, where j =1 to ny, given the total of ny stress fibers in
the system. Note that post i can only have n, — 1 fibrils connect-
ing it to the other n, — 1 posts. Force equilibrium for post 7 can be
stated as
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X

Fig. 3 Vector representation of a fibril originating from post i
and terminating at post k, in a 2D Cartesian coordinate system.
Here, x’ and x* are the coordinates of the top of the posts, T/ is
the tension in the fibril, oriented at an angle 0;, connected
between posts iand k.

ny
ku’V = Z cos 0;T;

=1

’, 3)
ku§ = Z sin 0,T;

J=1

where k is the spring constant of the post, defined earlier in
Eq. (1), 0; is the positive angle formed by fibril j with the x-axis,
and T is the tension in fibril j that connects post i to post k, as
shown in Fig. 3. Compressive force in a fibril is allowed for, in
which case T; is negative; contractility of cable-like stress fibers
rules out compressive force in it, but we must first compute the
fibril tensions before we can identify any that are tending to have
compressive forces generated within them. Note that, for purposes
of consistency and completeness of fibril numbering, the summa-
tions in Eq. (3) include all stress fibers in the system whether they
are connected to post i or not. If a given fibril is not connected to
post i, the coefficient of T} for that fibril is taken to be zero for the
purposes of the summations in Eq. (3), so that the net force
applied by fibrils to post i is correctly computed. Since there are
n, posts, and u’ and u§ are measured and thus known for each
post, the results from Eq. (3), applied to every post in the system,
give us 2n, independent equations for the n; unknown tensions in
the fibrils. The 2n,, conditions from Eq. (3) are assembled as a set
of linear equations written as

up ;= STy } @)
where {u,}' = {uA' uy uyoug .., uﬁp}, [S] contains the
coefficients of 7T;, consistent with Eq. (3), and {T/}T
={TT TI,...T,}.

The coefficient matrix [S], of size 21, X ny, is not square other
than for the case of 5 posts, since the number of fibrils is other-
wise never equal to the number of posts divided by 2 when all
posts are connected by fibrils to all other posts. Furthermore, force
and moment equilibrium of the post bed by itself requires three of
the post deflections to be dependent on the remainder, so that the
maximum possible rank of [S] is r=2n, — 3, or r = ny, whichever
is smaller. The rank, r, of the coefficient matrix [S] in Eq. (4) dic-
tates the number of independent equations, and an ideal system of
equations that can yield a unique solution for {Tf} corresponds to
the case with r = ng. This situation arises only for systems with
either 2 or 3 posts, and all cases of [S] with n,>3 are rank
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deficient, with r < ng To solve the resulting problem, we use the
Moore-Penrose pseudo-inverse [27] to calculate the inverse of the
coefficient matrix [S]. For rank deficient systems with (r < ny),
this method calculates the minimum norm solution [27,28], i.e. it
obtains the least square fit to Eq. (4) by minimizing

o= ({77} = K })" (18177} — K{wy}) Q)

with respect to {T;}. To do this, we employ the pinv function in
MATLAB [29]. The function pinv uses a singular value decomposi-
tion method for factorization of the rectangular matrix to be
inverted [28,29]. Tensions {Tf} in the fibrils are then calculated
using

{17} = k(5] {u, } ©6)

where [S]T is the Moore-Penrose pseudo-inverse of the coefficient
matrix [S]. The outcome of these calculations is that a definite set
of fibril tensions is deduced. However, we cannot claim that the
resulting set of tensions is unique, for we can always add a self
equilibriated set of tensions to the result from Eq. (6), since such a
set requires no force to be applied to the posts. The self-
equilibriated set of tensions is that which can arise in a tensegrity
structure [17,18], and lies in the null-space of [S]. However, the
addition of such a self-equilibriated set means that the tension in
some of the stress fibers will be reduced, and this reduction is logi-
cally restricted by the cable-like nature of stress fibers that
requires us to avoid compression in them if feasible.

3 Sample Calculations

We utilize the same experimental setup reported in Tan et al.
[12] with a square array of microposts with post radius
r = 1.5 um, post bending stiffness & = 32 nN um~! and center-to-
center post spacing / = 10 um. For a sample calculation, we use a
dataset from these experiments, available as the top-view of posts
deflected by an adhered single cell (Fig. 4). In these images, white
circles represent the top-view of the undeflected posts, and
deflected posts are seen as thick whitish lines. Within graphical
accuracy, we obtain the post deflection data, u,, and u,, from the
image and employ the procedure developed in the previous sec-
tion to calculate the tension in stress fibers interconnected among
the deflected posts.

We utilize the top-view (Fig. 4) with 6 deflected posts as an
example to illustrate the procedure discussed earlier. Those posts

Fig. 4 A sample dataset for the top-view of the posts adhered
to a single cell. Here, 6 posts deflected due to cell contractility
are marked.
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Table 1 List of x- and y-components of measured deflections
of the 6 active posts marked in Fig. 5

Measured post deflection (pm)

Post number X-component () y-component (uy)

1 —0.6 L5
2 —0.6 0.6
3 —0.45 —0.6
4 0.6 0.45
5 1.2 —0.6
6 -0.9 —0.6

having no visible deflection in Fig. 4 are omitted from the system.
The measured deflections of the 6 active posts are listed in Table 1.
Among 6 deflected posts a total of C, = 15 fibril interconnections
are possible. Therefore, the rank of the resulting matrix [S] is
2 x 6 — 3 =9, substantially less than 15. We perform force calcu-
lations using Egs. (3)—(6), where n, = 6 and ny = 15, and plot the
results in Fig. 5. We find that the average tension in the stress
fibers is 8.8 nN with a maximum of 20.6 nN. Exact tension values
are listed in Table 2, where stress fibers are defined by their termi-
nating post numbers, i and j. Note that the minimum tension value
is negative, —1.5 nN, indicating compression. Such a result is
unrealistic for a cable-like contractile stress fiber. In general, com-
pressive forces in the cell cytoskeleton are supported by microtu-
bules [11,30], which maintain force equilibrium with deflected
posts and the contractile stress fiber network. Hence, we disqual-
ify any truss elements under compression from the stress fiber net-
work. Thus, we are able to model the actin mesh within the
cytoskeleton for this particular example as a network of 14 equiv-
alent stress fibers under positive tension connected among 6
deflected boundary posts and calculate the network specifications
in terms of corresponding tensions, as plotted in Fig. 5.

In order to test the viability of this model in case of higher num-
bers of posts, we perform one additional calculation for the exper-
imental data set in Fig. 2, where the contractile state of the cell is
dictated by 10 deflected posts situated at the periphery of the cell.
Here, '°C, =45 fibrils will form a truss network connected among
10 deflected posts (deflections listed in Table 3). Similar to the

Fig. 5 Predicted structure of stress fibers on a 6 posts system
corresponding to the experimental dataset (Fig. 4). Here, 14
equivalent fibrils represent the underlying actin mesh. Relative
tensions in the stress fibers are illustrated according to the
associated color map.
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Table 2 List of tensions in the network of stress fibers in
Fig. 5, where individual fibrils are defined by the two connected
posts iand j

Table 4 List of tensions in the network of stress fibers in Fig. 6,
where individual fibrils are defined by the two connected posts i
and j

Predicted tension in the

Predicted tension in the

fibril connecting posts i and j (nIN) i Jj  fibril connecting posts i & j (nN) i J
8.4 1 2 11.92 5 9
18.2 1 3 9.82 4 9
3.3 1 4  8.65 5 8
11.6 1 5 8.41 1 3
8.8 1 6 8.15 1 8
9.6 2 3 734 4 8
5.2 2 4 727 5 7
11.2 2 5 6.86 1 5
5.1 2 6 671 1 4
3.9 3 4 6.71 2 3
7.5 3 5 645 1 9
2.5 4 5 6.16 1 10
17.8 4 6 6.08 3 9
20.6 5 6 6.06 5 10
—-15 3 6 571 6 9
5.56 4 7
4.98 4 10
T . . 4.79 2 8
able 3 List of x- and y-components of measured deflections
of the 10 active posts marked in Fig. 2 475 8 2
) 445 2 9
Measured post deflection (pm) ggg ? g
3.21 7 10
Post number X-component (i) y-component (i) 312 2 4
3.05 5 6
1 —0.40 1.16 273 3 7
2 —0.09 0.54 261 3 10
3 0.54 —0.40 2.60 2 5
4 0.85 0.23 208 6 8
5 1.16 0.23 1.87 1 6
6 0.23 —0.09 1.56 2 10
7 —0.40 —0.40 1.52 7 8
8 —0.40 —1.02 0.54 4 6
9 —1.34 —1.02 —0.09 6 7
10 —0.09 —-0.71 015 2 7
—0.24 4 5
—-0.51 1 2
—0.62 2 6
. . . —1.14 6 10
previous calculation, we use Egs. (3)-(6), with n, =10 and 234 P 10
ny = 45, to calculate forces in the fibrils, as listed in Table 4 and 72: 38 3 4
plotted in Fig. 6. We find that 12 out of 45 fibrils carry negative  _3 > 7 9
tensions, which must be disqualified from the stress fiber network. 372 3 5
Note that the average tension in 33 stress fibers is 5.14 nN, which ~ —3./5 3 6
is significantly higher than the average compressive force, —3.16 9 10

—1.66 nN, in the remaining 12 fibrils. Thus, we model a network
of 33 stress fibers connected among 10 deflected posts and attrib-
ute the compressive forces to other structural components of the
cell cytoskeleton such as microtubules. In the predicted network
(Fig. 6), the general spatial distribution of the stress fibers matches
well with the measured actin intensity in the experimental image
in Fig. 2(a). Most notably, high tensions in the stress fibers around
post numbers 5, 6, 8 and 9 in Fig. 6 corresponds with high inten-
sity of stained actin in the same region of the cell in Fig. 2(a). In
addition, these calculations also demonstrate that more than 90%
of the total force exerted by the cytoskeletal fibrils lies in the ten-
sile elements of the predicted network of discrete fibrils, which is
in accord with the long-standing paradigm that suggests that
the contractile state of the cell is mainly attributed to the tensile
fibrils in the cell cytoskeleton. This qualitative agreement between
model predictions and experimental measurements demonstrates
that the presented force equilibrium based model can be used to
predict the spatial distribution of prominent stress fibers, and that
the results can be obtained through a relatively simple computa-
tion. Simultaneously, our model also highlights the basic limita-
tions of any modeling framework that would use only the discrete
elements to construct the cell cytoskeleton, and invokes the need,
if higher levels of accuracy are desired, for more sophisticated

Journal of Applied Mechanics

continuum models that can more readily capture the spatial reso-
lution of the cytoskeleton distribution and the dynamic molecular
mechanisms behind cell contractility.

4 Discussion

The overarching objective of this study is to develop a simple
methodology for finding a network of equivalent stress fibers within
a cell cytoskeleton for a cell-posts system. A definite fibril configu-
ration along with associated tensile forces can be calculated for any
cell adhered on top of a bed of posts using the Moore-Penrose
pseudo-inverse method presented here. The evidence for the exis-
tence of cable-like actin bundles seen in experimental images, such
as Fig. 2(a), inspired the approach of using discrete stress fibers in a
cytoskeleton model, and we have successfully devised a scheme for
modeling the contractility of the actin-myosin cytoskeleton in such
a way. The methodology presented here provides an approach for
identifying stress fibers equivalent to the mesh of actin-myosin bun-
dles present in the cytoskeleton. These equivalent stress fibers are
in the form of contractile truss elements, and become responsible
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Fig. 6 Predicted network of stress fibers on a 10 posts system
corresponding to the experimental dataset (Fig. 2(a)). Here, 33
equivalent fibrils represent the underlying actin mesh. Relative
tensions in the stress fibers are illustrated according to the
associated color map.

for the post deflections seen in the experiments. In addition, our
method provides an estimate of the contractile tensions present in
the individual equivalent stress fibers. Analytical and computa-
tional simplicity is an added feature of the model, especially in
the case of complex cell-posts systems with a complicated actin
meshwork and many equivalent stress fibers. An attractive feature
of the technique presented in the current paper is that the analysis
gives a definite result for the tensions in the equivalent stress
fibers with little in the way of assumptions other than the idea that
the Moore-Penrose pseudo-inverse is valid for solving the set of
equations governing the structural mechanics of the system. The
computations involved are relatively simple and easy to carry out,
which we see as an advantage of the use of the discrete, truss-
element based model that we have presented. Thus, the discrete
representation of stress fibers in a structural mechanics based
scheme as presented here is suitable for identifying the tensions in
equivalent stress fibers at a given state of the system when the
post deflections are in a measured configuration. Furthermore, the
evolution of the tensions in the equivalent stress fibers can be
traced by repeated analysis of the problem with updated post
deflections representing the changing state of the system as the
cell evolves its configuration in time. It would even be possible to
add signaling and dynamic polymerization and depolymerization
to the model to enable it to simulate the evolution of the stress
fiber network, though some ingenuity would be required to ac-
complish such an objective. However, the development of such
features is beyond the scope of the current work.

On the other hand, relevant limitations of the approach must be
understood. One of the most significant drawbacks is that the result
of the analysis is not unique. As we have noted above, in rank defi-
cient systems we can always add a self-equilibriated set of stress
fiber tensions to the results of the analysis and so the outcome is
ambiguous, though constrained in this regard by the requirement
that in cable-like networks, compressive truss loads should be
avoided as much as possible. Furthermore, the methodology we
have just presented and utilized is not a substitute for a fully charac-
terized model of the actin-myosin cytoskeletal mechanics that

061020-6 / Vol. 79, NOVEMBER 2012

includes appropriate constitutive laws for the behavior of the ele-
ments of the cell cytoskeleton. Such an approach was presented by
Deshpande et al. [23-25]. Fully developed models of this type are
capable of predicting important features of the cell behavior, such
as cytoskeleton remodeling, actin polymerization/depolymerization,
active contractility of the stress fibers in a manner dependent on the
kinematics and biochemistry of the cell, and focal adhesion forma-
tion. In contrast, the approach utilized in the present paper so far
simply provides a method for quantifying the tensions in a discrete
set of equivalent stress fibers connecting posts to each other when
the post deflections are known. While such results are potentially
useful and give insights into the force levels generated internally
within the actin-myosin stress fiber system, the method we have uti-
lized in the present paper does not lend itself easily to extensions
that would make it a predictive tool for the biochemomechanical
constitutive behavior of the cytoskeleton, in that some ingenuity
would be required to take such a step with the discrete model. Fur-
thermore, it is not obvious how to generalize our method so that it
may be applied to cells on flat substrates or embedded in the extra-
cellular matrix, rather than adhered to posts. The system having
posts provides a setup that enables a definite choice of a set of
equivalent stress fibers joining each post to the others. When a cell
is adhered to a flat surface, there is no obvious way to define a finite
set of discrete equivalent stress fibers, other than in an arbitrary
manner. The same point applies to a cell lying within an extra-
cellular matrix, without discrete anchoring points for the cell, so
that it is not obvious how to choose a finite set of discrete equiva-
lent stress fibers to model the cytoskeleton for that case.

It can be argued that the techniques presented in the current pa-
per can be augmented by visualization of the actin-myosin cyto-
skeleton, so that a set of tensions can be computed for an actual
set of stress fibers instead of a hypothetical equivalent set of stress
fibers. This concept is attractive because the consequent analysis
would address the actual set of stress fibers that are causing the
deflections of the posts rather than an arbitrary, assumed set. Fur-
thermore, visualization of the stress fibers actually present in the
cytoskeleton offers the possibility that the number to be analyzed
will be less than "»C, due to some posts not being connected by
stress fibers to all other posts. Therefore, the size of the matrix to
be inverted by pseudo-inverse techniques may be reduced in size
from the largest possibility, and thus the computational effort may
be simpler than otherwise. Furthermore, it is even possible that
the number of stress fibers to be analyzed is such that the rank of
the resulting matrix is equal to the number of visualized fibrils. In
that case, a set of equations will be established whose matrix of
coefficients possesses a conventional, unique inverse, and the sub-
sequent results for the tensions in the visualized stress fibers will
be both unique and definite as the forces prevailing for that set of
fibrils.

An example of a set of stress fibers visualized by actin staining
is shown in Fig. 7 [24]. With such images, we have explored the
problem of establishing the tensions in visualized stress fibers,
given measured deflections of the posts [31]. However, the results
have not been encouraging, and we have concluded that the meth-
odology utilized is a cul de sac, and, given current visualization
technology, cannot be built upon to improve our understanding of
the mechanics of the actin-myosin cytoskeleton. In some cases,
the results we have obtained from the approach described involves
several fibrils subject to substantial compressive loads [31]. In
other cases, we cannot find a subset of fibrils entirely in tension,
where the ones tending to be in compression are omitted. Further-
more, the elimination of fibrils from the originally visualized set
because they turn out to be in compression is counter to the idea
that it is sufficient to visualize the stress fibers and to analyze the
visualized set. In other cases, such as those depicted in Fig. 7, the
visualized set of stress fibers presents a dilemma. It is apparent
from the image in Fig. 7 that many of the post deflections, and
thus the forces being applied by the stress fibers to the posts, are
inclined obtusely to the axis of the visible fiber bundles. This sit-
uation implies that the tension in the stress fibers attached to the
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Fig. 7 Visualization is shown of a fibroblast cell on a bed of
posts. The actin fibers are stained in green. The arrows repre-
sent force vectors, showing the deflection of the posts with the
lengths of the arrows proportional to the force exerted by the
cell on the posts [24].

relevant posts are extremely large, so that the projection of these
tensions in the direction of the observed post deflection can be
consistent with the magnitude of force being applied to the post
(see Eq. (3)). Some post deflections are almost orthogonal to the
visualized fibrils; a cable-like stress fiber that is orthogonal to the
post deflection cannot be applying a force on that post in the direc-
tion of the post deflection. Thus, when the only visualized fibrils
at a given post have an axis that is orthogonal to the observed post
deflection, we have an inconsistency. Furthermore, in some cases,
such as some in Fig. 7, the largest post deflections prevail for
posts not having any visible stress fibers attached to them. Thus, if
we assume that all actin is visualized by the staining procedure,
and by the imaging of the cells, and we observe a deflection of a
post that has no visualized actin attached to it, we have no way of
rationalizing the observed post deflection. The implication of all
these observations is that, in the case of some posts, the forces
being applied to them are induced by actin-myosin that is not suc-
cessfully visualized by the staining procedure. There are various
possibilities why this may be so, including a failure to find the
focal plane that will reveal a given stained fibril. Another possibil-
ity is that fine scale actin fibrils are not revealed by the relevant
staining procedures, perhaps because the staining procedure is
incapable of finding the very thin filaments, or cannot successfully
attach the fluorescent dye to such fine actin fibrils. While the stress
fibers network is a major component of the contractile apparatus
of the cell cytoskeleton, the intracellular forces are also generated
by several other important molecular mechanisms, such as poly-
merization of F-actin filaments at the leading edge that forms
lamellipodial protrusions [32-34], and mechanosensitive adhe-
sions that exist in transient and focalized states dispersed over the
cell body [4,35,36]. Our conclusion is that often the visualized
and recorded images of actin networks are not reliable, and there-
fore cannot be used as the basis of an analysis designed to identify
the tension present in the set of active stress fibers that are causing
the associated measured post deflections. As a consequence, the
results of the mechanics analysis will be unreliable and will not
provide any insights into the cytoskeletal mechanics prevailing. In
such a situation, it seems better to assume that all posts are con-
nected to all other posts by a stress fiber even if they are not
visualized, and to carry out the analysis of the tension in the stress
fibers through a Moore-Penrose pseudo-inverse, just as we have
outlined the procedure in Sec. 2 above.

As noted above, we have found that a continuum model for the
cell cytoskeleton, accounting for actin-myosin polymerization and
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depolymerization, fibril contractility, adhesion formation and
associated mechanosensitive phenomena, is an attractive method
for analyzing the mechanics of the cytoskeleton, because it is ca-
pable of predicting phenomena, such as how the cell distributes its
actin-myosin fibrils, how it applied forces to posts, and how it
generates focal complexes and focal adhesions [23-25]. The
model is capable of simulating many observed phenomena in the
behavior of cells in a mechanical setting [37,38]. For that work,
we chose to use a continuum model where the stress fiber network
is homogenized into a continuum field having attributes of actin-
myosin concentration and the fibrillar orientation distribution.
Such a continuum methodology is rather successful, even though
stress fibers are often discrete and clearly visualized in images
such as Fig. 6. We note, however, that the methodology adopted
in [23-25] can be implemented, with some modifications and
obvious restrictions, to a discrete set of stress fibers connecting
each post to every other one. Thus, we observe that a predictive,
constitutive based model can be implemented for a set of discrete
fibrils. However, the discrete fibril concept seems to us to be most
relevant to a cell attached to posts, and it is not so clear how one
extends it to a cell on a flat substrate or to a cell embedded in
extra-cellular matrix.

Nevertheless, the analytical technique we have presented in the
current paper is a discrete stress fiber methodology, is relatively
easy to use, can characterize the tensions in a discrete set of equiv-
alent stress fibers for a cell on posts, and is capable of producing
somewhat accurate, biologically relevant predictions of stress
fiber networks and the associated tensions. As such, the effort to
construct and utilize this method seems to us worthwhile.
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