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Continuum mechanics modelling of  

hydrogen embrittlement

M. R. BEGLEY, University of California Santa Barbara, USA;  
J.  A. BEGLEY, TCA Solutions, USA and  

C. M. LANDIS, The University of Texas at Austin, USA

Abstract: This chapter provides material scientists with essential continuum 
mechanics concepts and theoretical predictions for the stresses and 
deformation near cracks, dislocations and inclusions. Detailed summaries 
of classical crack tip continuum solutions are provided, including elastic 
fields, small deformation elastic-plastic (HRR) fields, large deformation 
(blunting) fields, and fields associated with steady-state growing cracks. The 
results emphasize the relationships between crack tip stresses and loading, 
yield stress and strain hardening parameters, and enable straight forward 
estimates of the magnitudes and length-scales over which elevated stresses 
are present. These estimates can be coupled with physical descriptions of 
various cracking mechanisms described elsewhere in this book. Solutions 
are also presented for the stresses surrounding elementary configurations 
of dislocations and inclusions, to enable estimates of hydrogen uptake near 
such features.

Key words: continuum mechanics, crack tip fields, fracture parameters, 
dislocations, inclusions.

10.1 Introduction
The purpose of this chapter is to provide materials scientists with essential 
continuum mechanics concepts and predictions that provide the basis to 
understand stress and deformation near cracks, dislocations and inclusions. 
Rather than focus on the multi-physics simulations enabled by advanced 
computational frameworks (including those that incorporate descriptions 
of complex microstructure), the emphasis is on classical results describing 
deformation and stresses for homogeneous, isotropic materials. These 
solutions inevitably serve as an effective starting point to estimate (1) the 
various physical length scales associated with the fracture process zone 
and (2) the associated stress/deformation magnitudes that drive various 
cracking mechanisms. Such estimates are critical not only to establishing a 
global view of failure, but also to identifying the features and assumptions 
that should be integrated in more detailed simulations that define specific 
microstructure features.
 With this in mind, the reader should be constantly aware that this brief 
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summary sidesteps the rapidly growing body of literature that examines 
the interaction of cracks with different microstructural features. Notable 
examples include single crystal plasticity [1, 2], interactions between cracks, 
particles, voids and dislocations [2, 3], and discrete dislocation simulations 
of crack tip behaviors [4–6]. In a similar vein, this overview provides only 
a brief commentary on cohesive zone modeling of growing cracks, as the 
formulation and application requires multi-physics descriptions that extend 
beyond plasticity theory. The present chapter is an intended as an ‘entry 
point’ to this body of literature: the solutions described here can been used to 
identify the relevant length-scales and stresses defining the fracture process 
zone for a given set of properties and loading parameters. These results can 
then be used to identify the subset of discrete feature modeling or cohesive 
zone formulations that are relevant to a specific scenario. 
 For isotropic continuum descriptions of fracture, there are two fundamental 
questions that arise, which both relate to the scale of deformation relative to 
the geometry of the component and the fracture process zone. The answers 
to these questions determine the relevant degree of detail (or underlying 
assumptions) that should be included in the continuum description of fracture. 
These questions are:

∑ How large is the fracture process zone associated with inelastic material 
response in comparison to specimen/component dimensions? The answer 
to this question determines whether or not the fracture process can be 
modeled using small-scale yielding approaches, wherein asymptotic elastic 
boundary conditions are prescribed on the exterior of a domain. 

∑ How large is the region affected by finite deformation (typically taken 
as the opening of a blunted crack) in comparison to the plastic zone size 
or component? The answer to this question determines whether or not 
the details of large deformation near the blunting crack tip are pertinent 
to the fracture process. 

Figure 10.1 provides a graphical representation of these fundamental 
questions, by illustrating the regions dominated by elastic deformation, 
plastic deformation and crack tip blunting effects (i.e. finite deformation). 
In general, for plastic zones that are small relative to the component size, 
the crack tip fields transition from a far-field elastic solution (with stress 
scaling as r–1/2), to a plastic-solution (with stress scaling as r–n/(n+1) where 
n is the strain hardening exponent), to a blunted crack solution where the 
stress peaks then decreases toward the crack tip. One of the principal goals of 
this chapter is to identify scaling relationships that define the various length-
scales illustrated in Fig. 10.1 in terms of geometry and loading parameters: 
these relationships enable one to identify the appropriate continuum theory 
to interpret behavior in the fracture process zone.
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 Such estimates of the stresses and deformation near crack tips play a 
critical role in the development of hydrogen cracking models, by providing 
the basis to quantify the degree and extent of hydrogen uptake near crack tips. 
As is elucidated in other chapters throughout this book, many embrittlement 
mechanisms depend strongly on local concentrations of hydrogen, and 
hydrogen uptake is strongly stress dependent. Therefore, estimates of crack tip 
stresses serve as a foundation on which a multitude of mechanistic hydrogen 
cracking models rest. Specific examples of this (i.e. how crack tip fields are 
coupled to hydrogen cracking models) are provided both in the literature 
(see Gangloff [10] for a lucid review) and in Chapter 11.

Crack tip

Blunting 
region
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field Elastic 

crack field
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10.1 Schematic illustration of various regions of the crack tip, and 
associated crack tip length scales. The blunting region is associated 
with large deformation plastic flow [7]; the HRR region is associated 
with small deformation plastic flow [8, 9]; the elastic region exhibits 
the classical 1/÷r singularity with amplitudes defined by the crack tip 
stress intensity factor.
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10.2 Basic concepts

10.2.1 A brief overview of the choices involved in 
continuum mechanics analyses

There are three essential pieces to any continuum mechanics analysis: (i) a 
kinematic description of the relationship between strains and displacements, 
(ii) a constitutive description for the material that relates stresses and 
strains, and (iii) a statement of equilibrium (alternatively, the principle of 
virtual work or similar work/momentum conservation statement). There are 
numerous excellent texts that elucidate how these three mathematical pieces 
are combined to produce a set of equations that can be solved to determine 
the stresses, strains and displacements throughout the defined geometry. One 
of our favorite tomes (comprehensive but still lucid) is Bower [8]. Here, we 
present only a brief outline of a select set of concepts and approximations that 
serve as the foundation to interpret results presented in subsequent sections. 
Only the first two of the essential pieces create the possibility of choice(s) by 
the analyst: the statement of kinematics (strain–displacement relationships) 
and the constitutive description (stress–strain relationships). 
 The choice of kinematic description determines whether or not the problem 
is solved in terms of ‘small deformation’ or ‘large deformation’. In small 
deformation, it is assumed that the displacement gradients are small in 
comparison to unity: this leads to a linear set of differential equations defining 
strains in terms of displacement gradients. Small deformation analyses are 
generally the default choice in computational codes for the simple reason 
that for stiff materials, the deformed geometry is quite similar to the original 
geometry. Hence, for small deformation analyses, no distinction is made 
between the original and deformed position of material points. This implies 
that there is no distinction between stresses referred to the original shape 
and those referred to the deformed shape.
 An obvious, notable and particularly relevant exception to the rule that 
deformations are generally small for stiff materials is the scenario of an 
initially sharp crack that experiences blunting, i.e. large geometry changes 
relative to an initially sharp geometry. In these scenarios, deformation 
gradients are large, and one must invoke a large deformation definition of 
strain, and reference the stresses to the deformed shape. In large deformation 
simulations (also referred to as finite deformation), the deformed position of 
the material points is taken to be different from their original position. This 
leads to non-linear differential equations relating strains to displacement 
gradients, and requires that distinction must be made between stresses 
referred to the original shape and those referred to the deformed shape. It 
should be emphasized that large deformation analyses are inherently non-
linear, regardless of the material description, and hence are more expensive 
(computationally) than their small deformation brethren. 
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 Though the deformation near blunting crack tips is invariably large, this 
does not imply that finite deformation analyses are a ‘must’: the region of 
large displacement gradients may be confined to a local region near the crack 
tip that does not play a significant role in the fracture process zone. As a rule 
of thumb, the size of the region affected by finite deformation scales with the 
predicted crack opening displacement (to be defined). For a range of properties 
and loads, this region may be small compared with the total plastic zone size 
or the length-scale associated with microstructural features (e.g. the spacing 
between particles). Hence, small deformation simulations of crack tips are 
entirely relevant to some scenarios. Indeed, the well-known asymptotic plastic 
fields at a crack tip developed independently by Hutchinson [9] and Rice and 
Rosengren [11] are calculated assuming small deformation. 
 Finally, it should be noted that there is an additional choice by the 
analyst (unrelated to fundamental principles), namely the choice of crack tip 
geometry. In most simulations, and notably those involving the assumption 
of small deformation, the crack tip is defined as a discrete point. Put another 
way, the crack tip is defined as a point-wise change in boundary conditions 
applied along a straight boundary: ahead of the crack tip, the displacements 
along the symmetry plane are zero, while behind the crack tip, the tractions 
along the symmetry plane are zero. This is often referred to as a ‘sharp 
crack’: in essence, the crack boundary is defined as a mathematical line with 
infinitesimal thickness. For small deformation analyses, this definition leads 
to singular stresses at the crack tip: as the solution is refined, the stresses go 
to infinity as the crack tip is approached. The drawback is that the approach 
may require computation of the deformation/stresses at vanishingly small 
scales (depending on the tip radius) that may be irrelevant to fracture. The 
alternative (to the sharp crack geometry) is to define a small radius at the 
crack tip, such that the crack is defined not as a line but as a slit with finite 
thickness and rounded ends. In this case, the stresses near the tip radius will 
be finite: this is the most common approach when solving finite deformation 
problems. 

10.2.2 Constitutive descriptions

Here, attention is limited to isotropic material response: the predominant 
descriptions used for fracture analyses are linearly elastic, deformation theory 
plasticity, and flow theory plasticity. These are summarized here to provide 
a quick reference for describing and interpreting results presented later.

Linear elasticity 

Isotropic linear elasticity in three dimensions requires only two elastic 
constants: the constitutive law is commonly written as:
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where ij is the Kronecker delta (i.e. equal to unity for i = j and zero 
otherwise), E is the elastic modulus of the material, v is the Poisson ratio, 

 is an isotropic coeffi cient of thermal expansion, and DT is the change in 
temperature (from a strain-free reference temperature). Note that: (i) in these 
defi nitions, the repeated index convention holds (such that kk = 11 + 22 + 

33), and (ii) the strain is defi ned as the total strain, i.e. the strains generated 
by stress plus those generated by temperature changes. The mechanical strains 
are those that lead to the generation of stress, and are represented by the 
fi rst two terms of equation (10.1a). For example, if a thin fi lm is bonded to 
a semi-infi nite substrate at the substrate’s temperature is changed, the total 
strain in the fi lm is equal to that of the substrate arising from temperature 
and the stress in the fi lm computed via eqn. (10.1a) scale with the difference 
in coeffi cient of thermal expansion (CTE) between the fi lm and substrate.

Deformation plasticity

Many continuum analyses of fracture invoke ‘deformation plasticity’, which 
is essentially a non-linear elasticity (hypoelasticity) theory that typically 
utilizes small strain defi nitions: the rationale for using hypoelasticity theory 
is that under monotonically increasing loads, the stresses near a crack do not 
experience signifi cant unloading. This form of constitutive law was used to 
develop the HRR fi elds (i.e. the asymptotic stress/strain distributions in the 
plastic zone near a sharp crack [9, 11]). The non-linear stress–strain curve 
from a monotonic uniaxial tension test is used to identify a strain hardening 
exponent and yield stress by fi tting to a functional form that is then used to 
defi ne the a strain energy function.
 The equations below summarize a typical defi nition of this type of material 
response: in the following, o = o/E and n are the fi tting parameters.
Uniaxial and pure shear responses:
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Full stress–strain response:
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Strain energy potential:
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Here, H = kk/3 is the hydrostatic stress, m = kk is the dilatation strain, and

J ij ij2 H2 H2 Hij2 Hij ij2 Hij
2 =2 H =2 H

1
22 H22 H(2 H(2 H – 32 H – 32 H )s s2 Hs s2 Hij2 Hijs sij2 Hij s2 Hs2 H  is the second invariant of the stress tensor. Because the 

non-linear portion of the response is expressed in terms of the second stress 
invariant, this theory is sometimes referred to as J2 deformation theory.

J2 fl ow theory

By far, the greatest number of computational continuum simulations adopt 
this path-dependent, rate-independent description of material response, which 
is also commonly referred to as ‘incremental plasticity’. The distinction with 
deformation plasticity is that the material will unload elastically when the 
stresses decrease from a previously elevated level regardless of prior inelastic 
loading. Here, attention is limited to isotropic materials with power-law 
hardening. The formulation involves solving for stress or strain increments 
associated with an incremental change in external loading conditions (which 
may involve either prescribed tractions or displacements). The model takes 
its name from its use of the second stress invariant as the sole quantity 
dictating whether or not plastic deformation occurs. Whether or not the 
material experiences yielding is determined by the condition:
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[10.3a]

where e is an effective stress measure defi ned in terms of the deviatoric 
stresses ij = ij – H ij. The quantity P is a scalar measure of the effective 
plastic strain, which is determined by the summation (integration) of all 
plastic strain increments calculated via previous load increments:
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[10.3b]

where t represents a fi ctitious time corresponding to the history of loading. 
The yield function, Y( P), is determined via empirical fi ts to the measured 
uniaxial response of the material that plots stress versus plastic strain. With 
these defi nitions, here is the complete set of equations defi ning the material 
response (see Gangloff [10] for complete details):
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where h = dY/d P is the hardening modulus, and it should be understood 
that the plastic strain increments are zero whenever skld kl ≤ 0. For uniaxial 
tension, the above equations return the expression f = Y ( P) for stresses that 
cause plastic yielding. A typical form (including that adopted for the results 
presented in the next section) is P = o (Y/ o)

n – Y/E. In this case, n = • 
corresponds to an elastic, perfectly plastic material that has no hardening.

10.2.3 Fundamental defi nitions of fracture parameters

The stability of cracks is determined by one of three loading parameters 
that characterize the state of stress (or deformation) ahead of the crack tip: 
K, G and J. These loading parameters depend on the crack geometry and 
applied loads, and (for the most part) fully defi ne the crack tip stress and 
deformation fi elds. 
 For monotonically increasing loading (at rates large enough to neglect 
creep, oxidation, etc.), rapid crack advance occurs when the loading parameter 
reaches the critical value for the material, KIC, GC or JC referred to here 
generically as the toughness. When a crack slowly advances at a loading 
parameter beneath that which causes instantaneous crack growth, ‘subcritical’ 
growth is said to occur. Typically, there is a critical value of the loading 
parameter needed to cause subcritical growth (at some arbitrarily defi ned 
measurable rate), commonly referred to as the ‘threshold’ growth parameter, 
e.g. Kth. Many instances of hydrogen-assisted cracking are classic examples 
of sub-critical crack growth: even though the loading parameter (K, G or 
J) is far below the value needed to drive rapid crack growth, crack growth 
nonetheless occurs, albeit more slowly. Care should be taken to distinguish 
between hydrogen effects that impact the threshold loading parameter for 
slow growth (material property), or those that impact the critical loading 
parameter for fast growth (a separate material property). The former are far 
more prevalent than the later. 
 The stress intensity factor (SIF) is defi ned by the amplitude of the 
asymptotic elastic stress fi eld ahead of the crack, which exhibits a characteristic 
singularity. In general, the stress distribution close to the tip of a crack can 
be written (for polar coordinates) as:
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[10.4]

where the subscripts I, II and III refer different modes of loading: mode I – 
opening, mode II – in-plane shear, and mode III – anti-plane shear (tearing). 
The functions fijfijf Q
opening, mode II – in-plane shear, and mode III – anti-plane shear (tearing). 

Q
opening, mode II – in-plane shear, and mode III – anti-plane shear (tearing). 

 (Q = I, II, III) are dimensionless functions of the angular 
position from the direction of crack propagation. In this chapter, we limit 
our attention to cracks loaded in mode I. The SIF also dictates the crack 
face displacements near the tip (see Section 10.3.1).
 The stress intensity factors are determined by solution to an elasticity 
problem with a sharp crack: they are defi ned by the loads applied to the 
structure and the crack length or other length-scale in the problem. 
 For instantaneous crack growth, critical loads/crack lengths correspond 
to the condition that (for mode I, for example) KI = KIC, where KIC is the 
material’s toughness. As mentioned above, there are instances in which 
cracks will advance slowly at levels of applied stress intensity factor that 
are beneath the material toughness. This is often referred to as sub-critical 
crack growth, and is typically characterized by the condition KIC > KI > Kth: 
that is, for sub-critical crack growth the applied stress intensity factor must 
be below the value that leads to instantaneous growth and above a threshold 
value (a material and potentially environmentally specifi c property), below 
which no crack advance occurs.
 The energy release rate (ERR) is the defi ned as the change in mechanical 
energy during infi nitesimal crack advance, defi ned by per unit area. For planar 
problems, with a domain defi ned by thickness b and the crack length a, the 
energy release rate is defi ned as:
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[10.5]

where Um is the potential energy of the system and the crack surface area 
is A = b · a. Like the SIF, the energy release rate is determined by solution 
to an elasticity problem with a sharp crack, and is defi ned by the loads and 
geometry. Instantaneous failure occurs when G = GC, where GC is the critical 
energy release rate for the material (or interface). Again, sub-critical crack 
growth (defi ned above) may occur for loading parameters that are in the 
range: GC > G > Gth.
 Since G and K are defi ned for an elastic material, there is a simple 
relationship between them, known as via Irwin’s relation. For pure mode I, 
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[10.6]

where E = E for plane stress, and E = E/(1 – v2) for plane strain deformation. 
For scenarios where the size of the plastic zone (discussed in what follows) 
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are small compared with other length-scales, the same relationship holds 
between GC and KIC, and/or Gth and Kth, i.e. the critical values for instaneous 
and sub-critical crack growth, respectively.
 The fi nal fracture parameter is determined via a contour integral known 
as the J-integral. For a crack aligned with the x1 axis, propagating the same 
direction, the J-integral is defi ned as [11]:

  
J W x t u

x
sJ W =J W dJ W dJ W x t dx tx t – x t  · ∂

∂
d2x t2x t

1GÚJ WÚJ W dÚ dJ W dJ WÚJ W dJ W
 

[10.7]

where  is a closed contour surrounding the crack tip, W is the strain 
energy density, t  is the traction vector acting on the contour, and u is the 
displacement along the contour. For linear elastic materials, J = G. For purely 
elastic materials, even non-linear ones (such as deformation plasticity), J is 
independent of the path chosen. For plastic materials (such as J2 fl ow theory), 
when the integral evaluated along contours that experience purely proportional 
loading (such that all stresses increase in constant proportion to another), J is 
independent of the path chosen. For monotonically loaded cracks in plastic 
materials, the stresses in the plastic zone are nearly proportional, such that 
J is approximately path-independent. The seminal works by Hutchinson [9] 
and Rice and Rosengren [11] illustrate that J controls the amplitude of the 
asymptotic plastic fi elds, known as the HRR fi elds. Hence, J is the relevant 
parameter for predicting failure for ductile materials. 
 It is worth emphasizing that the critical values of the loading parameters (G, 
K or J) that indicate the onset of instantaneous cracking or sub-critical growth 
can depend strongly on the time history of loading/crack growth, and current 
environmental conditions. For example, in many ductile materials, the critical 
value of J that is needed to advance the crack depends on the crack length 
itself, with increasing values of J needed to continue crack propagation. This 
is known as ‘resistance curve’ behavior, or ‘R-curve behavior’: the critical 
value of G, K or J that is needed to fi rst initiate crack growth is known as 
the initiation toughness. The critical parameter increases with crack length 
until it plateaus at a value that does not change with subsequent advances, 
often referred to as the steady-state toughness. The slope of the toughness vs. 
crack length curve (which sets the length-scales of crack advance needed to 
realize higher levels of fracture resistance) is known as the tearing modulus. 
One of many factors dictating this type of behavior is that the difference in 
crack tip stress distribution and deformation distribution between stationary 
and propagating cracks, as is discussed in subsequent sections.
 The initial increase in toughness due to crack advance (characterized by 
the tearing modulus), the crack length required to reach the steady-state 
toughness value, and the magnitude of the increase in toughness over the 
initiation value has obvious and critical implications for crack stability in 
service. Even more importantly as far as this book is concerned, the resistance 
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curve behavior has been shown to be severely degraded by environmental 
hydrogen and chemically precharged hydrogen, as illustrated in Chapter 8 
in Volume I. Hydrogen can lower the initation toughness and the tearing 
modulus, with increasing deleterious effects with increasing hydrogen 
concentration in the fracture process zone.

10.3 Crack tip fields: asymptotic elastic and plastic 
solutions

10.3.1 Elastic crack tip fields and stress intensity factors

Detailed treatments of asymptotic elastic crack tip fields (and their derivation) 
abound (e.g. [8, 12]: this section is meant merely to provide a handy reference 
for the fields and several important solutions for stress intensity factors. The 
coordinate system is shown in Fig. 10.2. The asymptotic crack tip fields are 
summarized below. Note that the stresses are referred to the x–y coordinate 
system, but the position is expressed in terms of polar coordinates.

10.2 Schematic illustration of common geometries and loadings used 
in fracture studies: (a) an isolated crack in a center panel, with point 
forces acting on the crack face: this scenario can be used to generate 
a wide variety of solutions via superposition, (b) a compact tension 
specimen, and (c) a three-point bend specimen. Stress intensity 
factors for these cases are given in Table 10.1.

2
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P P
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Near tip tress components:
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Plane strain displacement fi elds near the tip:
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Recall that the stress intensity factor KI is a function of geometry and applied 
loads, which are determined via solution to the entire elasticity problem for 
the body containing the crack. Several common geometries are illustrated in 
Fig. 10.2: the corresponding stress intensity factors are given in Table 10.1 
in terms of the specimen geometry and loading.

Table 10.1 Stress intensity factors for three common geometries
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 When stress intensity factors are found via solution to a linearly elastic 
solution (small deformation and linear elastic material), solutions can be 
superposed to generate solutions for combined loading. For example, consider 
an isolated crack subjected to a uniform normal pressure  on its crack faces: 
the differential force (per unit thickness of through-cracked body) acting on 
a small piece of the crack face of width db is dP = db. The solution for 
the total stress intensity factor due to the distributed pressure is determined 
by integrating the stress intensity factors resulting from the application of 
the point forces:

  
K

a
a b
a b

aI –
 =      a b +a b

a b – a b
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a

a
bd  bd  Ú–Ú–

  Ú  
Ê
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s
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s ps p
 

[10.10]

Note that for the point force solution, the signs inside the radical fl ip for b 
< 0: however, this is canceled by the fact that the contribution is sought for 
the crack tip on the opposite side of the point force. This result is identical to 
that of a stress-free crack of length 2a in a panel loaded remotely (at infi nity) 
with the stress . Superposition explains this equivalence: the remote tension 
case is obtained by adding (to the pressurized crack case) the results for a 
cracked panel with the remote stress  and a compressive stress  on the 
crack faces, which cancels the crack face pressure. Since the applied stress 
intensity factor for this case is zero, the two stress intensity factors must be 
equivalent. Similar concepts are applied in the Dugdale model for plastic 
damage extended from a crack tip (see for example, [12]).

10.3.2 Elementary estimates of plastic and damage 
zone sizes

The elastic crack tip fi elds described in the previous section can be used to 
estimate the size of the near tip region that experiences yielding or elevated 
hydrostatic stresses. The simplest estimate for the size of the plastic zone 
near the crack tip is obtained by computing the effective (von Mises) stress 
(using the asymptotic elastic crack tip fi elds, given by Equations 10.8 with 
Equation 10.3a), and setting this equal to a fraction of the yield stress, o. 
(Typically this fraction is taken as unity.) The result is an equation involving 
(r, ) which represents an estimate contour of the plastic zone. Figure 10.3 
(left) illustrates Von Mises stress (or effective stress) contours for plane 
strain, i.e. when 33 = v( 11 + 22). [8] The stress ahead of any crack tip 
will scale with the applied SIF: one typically plots contours for distances 
normalized by the crack length as done in this fi gure, since this usually sets 
the length-scale for the problem. Hence, stress contours in (x/a, y/a) space 
normalized by the quantity 
the length-scale for the problem. Hence, stress contours in (

K aK aIK aIK a  are universal, in the sense that they are 
applicable for any crack geometry (provide that one is close to the crack tip 
such that asymptotic fi elds are applicable). 
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 One can solve the (r, ) equation for the angular position for which the 
radial distance from the tip is a maximum. This yields:
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[10.11]

The weak dependence on the Poisson ratio is a result of the fact that the 
angular position corresponding to maximum plastic varies from  = 70° for 
v = 0 to  = 90° for v = 1/2. One can adopt other approximations for the 
plastic zone size [12]: however, this estimate is generally with 25% of the 
‘exact’ elastic-plastic solution obtained via fi nite element analysis. (See stress 
distributions presented in subsequent sections.)
 For hydrogen embrittlement, the size of the near tip region that experiences 
elevated hydrostatic stresses is of central concern to hydrogen induced damage. 
Suppose that one wants to calculate the size of the region over which H > 
n o, where n is some fraction dictated by scaling considerations associated 
with hydrogen enhancement in the dilated lattice. The size of the region with 
elevated hydrostatic stresses is then estimated as:

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

r

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K
nHrHrel

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

I

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

o

2

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

2

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

I

o

2

 =

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

 =

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

32

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

81

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

≈ 1
8p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

n

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

n

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Á

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Á

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Á

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

  

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Á

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

p s

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Á

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ë

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Ê

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

ˆ

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

ˆ

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

¯  ¯  ˆ
¯
ˆ̂
˜
ˆ
¯̄̃  ¯  ˜  ¯  ˆ
¯
ˆ
˜
ˆ
¯
ˆ Ê

Ë
Ê
Ë
ÊÊ
Á
Ê
ËÁË
Ê
Ë
Ê
Á
Ê
Ë
Ê ˆ

¯
ˆ
¯
ˆ̂
˜
ˆ
¯̄̃
ˆ
¯
ˆ
˜
ˆ
¯
ˆ

 
[10.12]

It should be noted that the maximum dimension is aligned with  = 90°, 
regardless of the Poisson ratio. Note that the size of the region over which the 
hydrostatic stress is equal to or greater than the yield stress (in the direction 
of maximum elevation) is about 75% of the plastic zone size. It is also worth 
nothing that large deformation effects (i.e. blunting) and strain hardening 
will result in much higher hydrostatic stresses in a highly localized region 

Effective stress contours, *o* Kla1–2 Hydrostatic stress contours, *H* Kla1–2
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10.3 Contours of effective stress and hydrostatic stress as predicted 
via elastic crack tip fi eld solutions.

Gaseous-Vol II-10.indd   299 10/15/11   4:15:19 PM



300 Gaseous hydrogen embrittlement of metals in energy

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Woodhead Publishing Limited; proof copy not for publication

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

© Woodhead Publishing Limited, 2011

that is contained within a small fraction of the total plastic zone size. (See 
subsequent sections.) 

10.3.3 Singular plastic crack tip fi elds: the HRR solutions

Analogous to the results for linearly elastic materials, Hutchinson [9] and 
Rice and Rosengren [11] identifi ed asymptotic singular crack tip fi elds for 
materials described by deformation plasticity, which are now referred to as 
the HRR fi elds. The HRR fi elds describe the radial and angular dependence 
of stresses and deformation near the tip of a stationary sharp crack, assuming 
small deformation. Here, the results for plane strain are summarized: the 
HRR solutions assume that the material is incompressible in the plastic 
zone, such that zz = ( rr + )/2. The uniaxial constitutive response of the 
material is assumed to be:
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where o = o/E. Note that n ≥ 1 in this case. The HRR stress fi elds are 
described by:
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where In is a dimensionless constant and %s q%s q% ijs qijs q( ,s q( ,s qs qns q( ,s qns q)  are dimensionless angular 
distribution functions that depend on the hardening exponent. An accurate 
interpolation function for In determined from Hutchinson’s results is given 
by: 
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This is a least-squares fi t to Hutchinson’s original data, which has been 
verifi ed by fi nite element results presented in subsequent sections. The 
angular functions are illustrated in Fig. 10.4 for several different values of 
hardening exponent. This fi t has been determined for cases with 3 ≤ n ≤ 15, 
but is likely reasonably accurate for larger n values. Figure 10.5 illustrates 
contours of the near tip hydrostatic stress distribution. The dimensionless 
coeffi cient from Equation 10.14, which determines the maximum hydrostatic 
stress components normalized by the yield stress so, ahead of the crack tip 
as a function of angle and hardening exponent are:
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Again, this is a numerical fi t determined from fi nite element analysis in the 
range shown in Fig. 10.5. Similarly, the normalized maximum tensile stress 
head of the crack can be computed from:
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which again, is an empirical function determined via fi tting to fi nite element 
results. The maximum tensile stress is always at  = 0°, whereas the 
maximum hydrostatic stress occurs at  = 45° for perfectly plastic materials 
and transitions towards  = 0° as the degree of hardening increases (i.e. as 
n decreases).
 In a similar manner the crack tip plastic strain fi eld is expressed as,
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The path-independent nature of J provides computational advantages. For 
small-scale yielding, J can be accurately evaluated with recourse to linear 
elastic stress intensity factors. Additionally the energy interpretation of 
allows experimental determination of J for linear elastic and elastic-plastic 
loading conditions (see [12]). 
 The above presentation emphasizes the direct analogy between linear 
elastic and plastic crack tip fi elds. The analogy extends further in the sense 
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that both fi elds are represented by the singular fi rst term of an asymptotic 
expansion about the crack tip. As discussed later it is sometimes useful to 
consider additional terms in the both expansion series.
 The linear elastic crack tip fi eld is a very good representation of elastic 
stresses in the vicinity of the crack tip, near the outer edge of the plastic 
zone: this is often referred to as the K zone. In Fig. 10.1, this zone is outside 
the HRR zone (i.e. where elastic-plastic asymptotic fi elds are accurate). The 
region of approximate validity of the K zone stresses scales with the crack 
size. It is also limited by the closeness of in-plane dimensions of the cracked 
body to the crack tip. For a large body where crack length is the limiting 
dimension, K zone stresses are accurate to 93% at a distance from the crack 
tip that is 10% of the crack length. 
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10.4 Crack tip fi elds: fi nite deformation blunting 
predictions

Most often the practical application of a plastic crack tip singular fi eld 
characterized by J is impacted by the size of the blunted crack tip region. 
Plastic blunting of a crack tip can be analyzed using a fi nite deformation 
large strain approach. Here, the fi nite deformation generalization of the 
Prandtl–Reuss equations for the J2-fl ow theory of plasticity is used for the 
multiaxial generalization of the material constitutive response [7, 8, 13]. Y( P) 
is a yield function which represents the current level of yield strength, and 
h is the hardening modulus such that h = dY/d P (see Section 10.2). Here, 
the yield function is defi ned as:

  

e
e s s

P

o oe so oe s o
 =  – Y Y

n
Y Y

n
Y YÊ

Ëe sËe so oËo oe so oe sËe so oe s
Ê
Ë
ÊÊ
Á
Ê
ËÁËe sËe sÁe sËe s
Ê
Ë
Ê
Á
Ê
Ë
Ê ˆY YˆY Y

¯
ˆ
¯
ˆ̂
˜
ˆY YˆY Y˜Y YˆY Y
¯̄̃
ˆ
¯
ˆ
˜
ˆ
¯
ˆ

 
[10.18]

The hardening modulus h can be derived as,
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where n is defi ned as the stress hardening exponent as in Equation 10.18. 
The study of the crack-tip stresses will take place within the context of the 
small scale yielding boundary layer approach described by Rice [14, 15]. A 
semi-infi nite crack with crack fl anks along the negative x-axis and crack tip 
located at the origin is studied. At suffi ciently remote distances from the crack 
tip, the fi elds are governed by linear elasticity and the stresses approach the 
combined asymptotic fi elds given in Section 10.3. Plane strain conditions 
are imposed in the out-of-plane direction. In the present simulations, the 
maximum radial distance from the crack tip to the model perimeter, R, is 
approximately three times the plastic zone size (as calculated using the results 
in Section 10.3 based on the initial yield stress o).
 The calculation of the fi elds is carried out by separating the x–y plane 
into two regions, a small circular region of radius R that must encompass the 
entire plastic zone and the remainder of the plane composed of linear elastic 
material. The inner circular region is represented by a fi nite-element mesh 
of 9-noded isoparametric elements with 4-point reduced integration for the 
hydrostatic strains, and full 9-point integration for the deviatoric strains.
 The region outside the mesh is represented by a Dirichlet to Neumann map 
for a semi-infi nite crack. The full derivation of these boundary conditions 
is given in Carka et al. [16], which builds upon prior work of Givoli and 
coworkers [17, 18] and Hilton and Hutchinson [19]. The basic idea is that 
the region outside the mesh adds both stiffness contributions and forces 
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associated with the K–T field to the boundary of the finite element mesh. 
(T stresses are defined and discussed in Section 10.4.2.) The finite element 
connectivity of the infinite region stiffness mimics a super-element with 
stiffness interactions between each of the degrees of freedom on the outer 
boundary. Ultimately these boundary conditions allow for a very dense mesh 
in the plastic zone with no degrees of freedom expended by attempting to 
model the infinite region with a large but finite domain. Furthermore, no 
finite size approximation, imposed by applying either traction or displacement 
boundary conditions at a finite radial distance, is needed to represent the 
far-field loading since the true infinite boundary conditions are enforced to 
within the same accuracy as the angular discretization on the outer boundary 
allows.
 Within certain limits, crack tip blunting leads to a unique, stationary, self-
similar crack tip plastic field that scales with distance ahead of the crack tip 
normalized by the crack opening [13]. Here, the initial crack tip is modeled 
with a small radius: when the applied loading is such that the crack opening 
displacements are much larger than this radius, the initial notch radius has 
no effect and the field variables are governed by a self-similar distribution 
whose length-scale is controlled by the quantity J/ o. Hence, one must 
apply large enough remote loads such that the opening is sufficient large 
and self-similarity is obtained. In all but a few simulations corresponding to 
large amounts of strain hardening (e.g. n = 0.5), self-similarity is obtained 
prior to the interior plastic zone reaching the outer boundary of the imposed 
asymptotic elastic field.

10.4.1 Crack blunting: large deformation solutions near 
the crack tip

Figure 10.6 shows plots of stresses directly ahead of a blunted crack tip from 
a finite deformation large strain analysis. The distance from the crack tip, 
r, is normalized by the crack opening displacement, t. The crack opening 
displacement t is defined here as the displacement of the point on the 
crack face that initially lies at  = 135°, i.e. the point in the mesh where 
the straight crack front begins to transition into the initial notch radius. The 
results in Fig. 10.6 illustrate the transition from the elastic singularity (at 
large distances) to the HRR solution (at intermediate distances) to a region 
dominated by finite deformation effects. It is interesting to note that the out-
of-plane stresses do not agree with the HRR solution at any point in their 
distribution: this is because the HRR solution (i) invokes incompressibility 
through the domain of solution, and (ii) makes the a priori assumption that 
the plastic field surrounds the crack tip. A key implication of this difference 
is that the HRR fields slightly overestimate the hydrostatic stresses in the 
HRR-dominated zone.
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 These results are self-similar, in that the length-scale is dictated by J/ o. As 
loading increases the magnitudes of the stresses remain essentially constant 
for a given value of rJ/ o. The load increase only serves to increase t = 
f (n, o)J/ o, which sets the length scale over which high stresses occur. The 
dimensionless pre-factor in this equation is defined in the next subsection. 
In contrast to small deformation assumptions where all stresses are singular 
at the crack tip, the normal stress, 11, parallel to the crack must be zero at 
the crack tip free surface. This stress then increases with distance ahead of 
the crack tip. The buildup of triaxiality ahead of the crack tip peaks at r ª 
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10.6 Large deformation (blunting) predictions for stress and strain 
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shown on log–log scale to illustrate the power-law dependence 
suggested by the HRR fields. They are also shown on a linear 
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HRR solutions (except in the blunting region). The bottom shows 
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(2 – 3) t. This leads to a peak stress normal to the crack plane, 22, and a 
peak in the tensile hydrostatic pressure, H, at the same position. Near peak 
stresses are maintained over a distance on the order of t in both the x and 
y directions. Stresses normal to other radial lines from the crack tip are less 
than the  = 0° line.
 The crack opening also sets the length-scale for high strain regions. Figure 
10.6 also shows plots of effective strain versus r/ t. Strains rapidly decrease 
from the crack tip out to about r/ t = 2. Note that e/ o = 103 is roughly a 
strain of 200%. The highest effective strains occur along a radial line at  
= 45°, instead of directly ahead of the crack. 
 For a given yield strength, peak normal stresses increase as the strain 
hardening exponent (denoted as n and defined in Equation 10.18) increases. 
This is illustrated in Fig. 10.7. Figure 10.8 shows the same effect for hydrostatic 
stress. Strain hardening has a lesser effect on the location of peak stresses 
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but tends to move the location of peak stresses toward the crack tip. Since 
stresses are normalized by the yield strength (defi ned in Equation 10.18), 
the ratio of elastic modulus to yield strength has a minor effect on crack tip 
stress fi elds.

10.4.2 Effect of T-stresses

For small-scale yielding contained well within an elastic K zone, it is 
instructive to consider the second term in the series expansion of elastic crack 
tip stresses. This term is affected by the overall cracked body geometry. It 
consists of an added stress parallel to the crack, 11, conventionally referred 
to as T. For plane strain this adds a 33 stress equal to vT. The T stresses 
scale with the applied load and thus scale with K. The scaling constant 
depends on the cracked body geometry and can be positive or negative. The 
T stress for the fi nite deformation results described earlier was taken to be 
zero. The following paragraphs describe the blunted crack tip stress–strain 
environment for T stresses in the range –0.75 o < T < 0.75 o, resulting from 
the fi nite element calculations described above.
 Figure 10.9 shows that positive T stresses increase both normal stresses 
and the hydrostatic stress ahead of the crack tip. The effect of positive T 
stresses is relatively small in contrast to the decrease in normal stresses and 
hydrostatic stress caused by negative T stresses. For a center-cracked panel 
with crack length to panel width ratio a/W less than 0.2, the T stress is given 
by: W
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with a/W = 0.8, a positive T stress can be developed with: T aT a KpT apT a = 0.8 . 
For typical single edge cracked bend specimen and compact specimens T is 
approximately zero. Shallow cracks in general have negative T stresses on 
the order of T√ a =– 0.5K or less.
 The utility of T in approximating the effects of specimen geometry on near 
crack tip stresses is limited to small-scale yielding. With larger extents of 
plastic deformation direct calculations are necessary. However, the blunted 
crack tip stress fi eld for T = 0 is a reasonable approximation for signifi cant 
amounts of plasticity in typical single edge cracked bend specimen and 
compact specimens; that is, when the plastic zone encompasses a signifi cant 
portion of the remaining ligament, the fi elds likely tend toward the T = 0 
fi elds.
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10.4.3 Scaling of the crack tip opening displacement and 
maximum stresses with hardening exponents

Figure 10.10 summarizes the pre-factors associated with crack opening 
displacements that arise from dependencies on the hardening exponent, n, 
and the initial yield strain, o. The dominant effect relates to the level of 
hardening. The dashed line in the crack opening results refl ects a numerical 
fi t to the fi nite element results and is given by:
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10.10 Large deformation (blunting) predictions: (top left) crack tip 
opening as a function of hardening exponent and yield strain: the 
latter has little effect; (top right) maximum tensile and hydrostatic 
stresses, and the radical location of the maximum, for various 
hardening exponents and o = 0.002; (bottom) maximum direct stress 
and location of the maximum for various T-stresses, for n =10 and 

o = 0.002.
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This can be used to estimate the crack tip opening displacement as a function 
of hardening exponent. Figure 10.10 also illustrates the maximum tensile 
stress and maximum hydrostatic stresses as a function of hardening exponent, 
along with the distance from the crack tip at which the maximum occurs. 
Decreases in hardening (associated with increasing n) cause decreases in the 
maximum, and push the location of the maximum slightly further from the 
crack tip. The effects of T-stress are also shown: negative T-stresses decrease 
the maximum and push its location closer to the crack tip.

10.5 Application of crack tip fields and additional 
considerations

10.5.1 Application of crack tip fields to gain insight into 
cracking mechanisms

Blunted crack tip stress–strain fields in Figs 10.6–10.10 were calculated 
for small scale yielding conditions. The plastic zone size is about 10% of 
the K zone. However, these fields persist for larger-scale yielding provided 
that the crack opening, t, remains small compared with other specimen 
dimensions. The question of what is small depends on both the degree of 
strain hardening and overall geometry of the cracked body. Calculations 
and fracture toughness tests indicate that the characteristic blunted crack 
tip stress/strain environment is a useful approximation when the limiting 
dimensions of a crack body are greater than about (10–30)J/ o. When the 
thickness meets these values it is reasonable to assume near tip plane strain 
conditions. The lower value is appropriate to the onset of ductile tearing 
while the larger value is appropriate to cleavage fracture particularly in 
ferritic steels. As a practical matter, that is for n of 0.2 or less, assuming a 
characteristic blunted crack tip stress–strain environment is reasonable when 
limiting cracked body dimensions are greater than (20 – 100) t. 
 A very large degree of strain hardening in the range of n = 2 is usually the 
province of low strength alloys where the ratio of ultimate tensile strength to 
yield strength is on the order of 3, such as austenitic stainless steels and low 
strength nickel–base alloys (e.g. Alloy 600, Alloy 690). From Fig. 10.2 it is 
seen very high strain hardening, n = 2, leads to a normal stress that steadily 
increases as the crack tip is approached, in contrast to lower hardening results 
which reach a peak value near r ª 3 t. The hydrostatic stress does peak near 
r ª 3 t but the peak is relatively broad and maintains a high value over a 
considerable distance ahead of the crack tip. This has important implications 
for hydrogen embrittlement problems, where the amount of stored hydrogen 
scales exponentially with the hydrostatic stress.
 The above discussion is predicated on cracked body geometries of moderate 
to relatively high constraint such as a thick double edge cracked panel, single 
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edge cracked bar or a compact toughness specimen. A center-cracked panel, 
even with a thickness sufficient to make a plane strain assumption reasonable, 
is an example of a low constraint configuration. Constraint in this context is 
taken as an elevation of the perfectly plastic collapse load due to geometrical 
effects. The rigid plastic slip line field for the thick center cracked panel is 
simply 45° lines emanating from the crack tips. In materials with moderate 
toughness and low strain hardening, ductile tearing often develops as shear 
failure along these slip lines. In the absence of strain hardening there is no 
unique crack tip stress field. Even with some degree of stain hardening, low 
constraint specimens of this type represent a substantial challenge to the 
concept of a characteristic blunted crack tip stress/strain environment. 
 While this challenge can be avoided in testing through use of other specimen 
geometries it cannot be avoided in the analysis of engineering structures. 
For the onset of ductile tearing modes of fracture, test and calculations 
indicate that it is sufficient to adopt more stringent limitations on the size of 
limiting crack body dimensions relative to t. A factor of about 5 relative to 
the above quoted size requirements appears reasonable. For fracture modes, 
such as cleavage, where a weak link approach is reasonable and both the 
magnitude of peak stresses and the size scale over which these stresses occur 
is an important consideration, other approaches are needed to approximate 
the effects of low constraint geometries. 
 The concept of a characteristic blunted crack tip stress/strain environment 
can provide useful insights to modeling of crack advance mechanisms and 
criteria. One example is a criterion for cleavage fracture that requires a high 
normal stress acting over a significant volume of material. A Weibull weak 
link approach predicts that the probability of fracture, S, is given by:

  S = 1 – exp [–cV m] [10.21]

where  is the local stress level and V is the volume over which it acts. The 
terms c and m are constants. With the concept of a characteristic crack tip 
stress field, the stress is identified as the near peak tensile stress 22 that acts 
over a volume of V = B t, where  is a constant and b is the thickness. 
The crack opening is proportional to J even for substantial levels of plastic 
deformation and for small scale yielding the crack opening is proportional 
to K2. The probability of fracture then becomes:

  S = 1 – exp [–c( B m)2] [10.22]

The near peak stress is not a function of J but the scale over which it occurs 
does depend on J. The above equation expresses the probability of fracture 
as a Weibull function and equivalently provides the cumulative distribution 
of cleavage fracture toughness J values. The Weibull slope is generally ~2. 
For small scale yielding the Weibull slope for fracture toughness expressed 
as KIC is ~4. For a given probability of fracture, say 0.5, the product of b 
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and 2
t must be constant. Thus the median, 50th percentile, cleavage fracture 

toughness for different thickness specimens must ratio according to 
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toughness expressed as JC and B1/4 for toughness expressed as KIC. Median 
cleavage fracture toughness decreases as B increases. Extensive fracture 
toughness testing of ferritic steels over the past 25 years is in agreement 
with the above development provided limiting specimen dimensions are 
greater than 30J/ o.

10.5.2 Stationary vs growing cracks and crack growth 
thresholds

Environmentally assisted cracking is most often rate-dependent, due to the 
interactions between crack tip fi elds and species transport/reaction kinetics. 
A central challenge is the identifi cation of the threshold Kth

IC for the onset 
of crack growth, i.e. the transition from a stationary to a growing crack (or 
vice versa). To contextualize the ensuing discussion regarding differences 
between stationary and growing cracks, it may be helpful to keep in mind 
two common approaches to determining the threshold Kth

IC.
 In the fi rst approach, one utilizes a fracture specimen whose K (or J) 
parameter decreases with crack length, after loading (presumably quickly) 
to a high K (or J) level followed by stable sub-critical crack growth. The 
K at which the crack stops growing is the arrest K for environmental crack 
growth: the arrest K is reached from a growing crack state, and hence, 
one requires the crack tip fi elds for a growing crack to evaluate cracking 
mechanisms (hydrogen concentrations, particle fracture, etc.). In the second 
approach, one slowly and continuously increases the applied K (or J) value 
under displacement control with different loading rates. The K at which 
crack growth begins typically depends on the loading rate. Below a critical 
loading rate, the K at which crack growth begins should remain constant: 
this would be the threshold for the onset of environmentally assisted crack 
growth starting from a blunted crack, and one requires the crack tip fi elds 
for a stationary crack to evaluate growth mechanisms.
 For highly susceptible materials with reasonably fast environmental growth 
rates, the threshold values obtained from these two approaches are typically 
observed experimentally to be close to one another. For materials with low 
susceptibility with slow environmental growth rates, the two thresholds likely 
are not in agreement[10]. Aside from (or on top of) interactions between 
crack growth and transport/reaction kinetics, one possible difference between 
the two thresholds is the difference in crack tip fi elds between stationary 
and growing cracks.
 Figure 10.11 illustrates a comparison between the tensile and hydrostatic 
stress distributions for a stationary crack and a crack growing at steady state, 
based on small deformation analyses. This comparison is based on fi nite 
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element calculations conducted for this chapter. The results for stationary 
cracks are close to the HRR fields, with some differences arising due to 
the incompressibility constraint invoked in the HRR fields [9, 11] (which 
is not invoked in these finite element computations). The value for tensile 
stress for the perfectly plastic material (n = •) at the crack tip (i.e. 22/ o ª 
3) is the same as predicted in an analytical solution by Drugan et al. [20]. 
Note that significant differences arise as the degree of hardening increases. 
Also note that the tensile stresses are larger for the growing crack, while 
hydrostatic stresses are larger for the stationary crack. This may have important 
implications for hydrogen embrittlement. 
 Comprehensive solutions for a growing crack with large deformation 
(blunting) are not readily available, although limited results are included 
in [13, 21, 22]). It is perhaps reasonable to anticipate similar differences 
between stationary and growing cracks as implied by small deformation 
results.
 Figure 10.12 illustrates a comparison between the crack opening 
displacements for small deformation analyses of a growing crack and a 
stationary crack (the latter given by the HRR solutions). Figure 10.12 
illustrates that growing cracks are much sharper than stationary cracks, with 
openings 10–20 smaller than stationary cracks for locations less than 1% of 
the plastic zone size from the tip. 
 A comparison of the opening results in Fig. 10.12 (for small deformation) 
and those in Fig. 10.10 (for large deformation) is somewhat obfuscated by 
the presence of the notch tip required for finite deformation simulations. 
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10.11 A comparison of crack tip stress distributions for stationary 
(dashed lines) and cracks growing at steady state (solid lines) for 
various hardening exponents and o = 0.002.
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However, one approach is to evaluate the small deformation displacements 
at a position equivalent to the distance to the peak stress in finite deformation 
simulations, i.e. r ª 2J/ o (see Fig. 10.10). At this distance, finite deformation 
effects are active but the notch radius is inconsequential due to large blunting 
deformations. This distance corresponds to r/rP ~ 0/(3 E), which is at the 
extreme left (minimum) of Fig. 10.12. Comparing the intercepts of the 
opening at r/rP ~ 0.001 with the results in Fig. 10.10, it is clear that the finite 
deformation effects have a small impact on crack opening for stationary 
cracks, unless one uses the small deformation results for distances within 
the blunting region. The implication is that the reduction in crack opening 
due to the presence of a growing crack is a factor of 10–20 even for large 
deformation simulations. Such opening differences are potentially very 
important for environmental transport phenomena in the wake of the crack 
that drives hydrogen embrittlement effects.

10.5.3 Crack tip stress elevation beyond conventional 
plasticity predictions

The implications of crack tip stresses on hydrogen uptake are of central 
interesting in environmentally assisted cracking, particularly so since the 
hydrogen concentration scales exponentially with the hydrostatic stress. 
Conventional plasticity simulations such as those summarized here predict 
relatively modest stresses in that they lead to relatively low hydrogen 
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concentrations. In a strongly related vein, the prediction of modest stresses 
of (3 – 5) o makes it diffi cult to rationalize the occurrence of brittle failures 
in the presence of plastic fl ow, since they presumably imply bond rupture 
occurring at much higher stresses (~ 10 o). 
 As a result, there have been many attempts to model mechanisms that 
lead to higher stresses than those predicted by conventional plasticity. These 
broadly fall into two categories: (i) the inclusion of discrete features, such 
as dislocations [4–6, 23, 24], dislocation-free zones (e.g. [25, 26]), etc., and 
(ii) the use of non-local plasticity theories which introduce elevated fl ow 
stresses through Taylor-enhanced strain hardening (e.g. [27–33]). The fi rst 
of these approaches is entirely different from continuum simulations of the 
character summarized here, as it requires additional microstructural details 
that are likely highly specifi c to a given material and cracking mechanism. 
The second approach bears commenting – continuum predictions of crack 
tip stresses via non-local plasticity [27–33]. 
 A consensus has yet to emerge regarding a preferred constitutive description 
that incorporate length-scale effects. Regardless, the details of the so-called 
length-scale plasticity constitutive law are likely beside the point at this stage: 
all theories predict elevated hardening in the presence of strain gradients 
(their basic intent), and all theories require constitutive parameters that are 
diffi cult to identify experimentally: namely, length-scale parameters that 
depend on the material microstructure and control the strength of the strain 
gradient effect. The current greatest hope for determining these length-scales 
is nanoindentation experiments (e.g. [34–37]). 
 The central issue in application of strain gradient plasticity (SGP) theories 
is whether or not SGP effects persist over a length-scale for which continuum 
theories can be reasonably applied. Recent small-deformation simulations for 
SGP over a broad range of applied stress intensity factors and macroscopic 
plasticity parameters (i.e. yield stress and hardening exponent) have illustrated 
that crack tip stress elevation (over that predicted by the HRR fi elds) persists 
to a distance given by [33]:
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[10.23]

where l is the material length-scale parameter (determined via indentation 
tests), and c is a dimensionless constant that depends on the constitutive 
formulation (specifi cally, on different length-scales associated with different 
types of strain gradients). Here, r* refers to the distance over which the stresses 
are at least twice the HRR solutions: interestingly, the role of the hardening 
exponent is completely captured by reference to the HRR solutions, such 
that the above is reasonably accurate for any hardening exponent. Clearly, 
the most relevant materials for which SGP effects may play a signifi cant 
role are those with relative low yield stress and at relatively large applied 
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stress intensity factors. The most optimistic estimates of c (which produce 
the largest regions of SGP effects) place it only at about ~0.02 [33].
 The diffi culty in applying SGP to hydrogen cracking lies in the relatively 
small estimates of the material length-scale, l, that are appropriate for these 
theories: for soft materials free of microstructural features (e.g. annealed 
copper), l ~ 1 mm [34]. For an alloy with fi ne microstructure, l is much 
smaller, in the range of 100–250 nm [37]. To understand the central concern 
for applying SGP theory, consider a relatively soft steel alloy with o = 
500 MPa, loaded to a relatively high state, e.g. 

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

IK mIK mK m~K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

~

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

 70

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

 70

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m 70K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

 70

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m~K m 70K m~K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

~

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

 70

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

~

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

MP

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

MP

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

a

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

K m

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

. Taking 
the length-scale to be 0.1–0.5 mm, this suggests that SGP effects persist to 
0.8 to 2 mm. One the one hand, this is perhaps acceptable, being larger than 
the underlying length-scale, such that it is reasonable to neglect explicit 
reference to microstructural features. On the other, it is problematic since 
it is smaller than the size of region impact by fi nite deformation, predicted 
via Fig. 10.10 to be ~3–5 mm. This emphasizes the important of conducting 
fi nite-deformation simulations with SGP: initial results suggest that fi nite 
deformation effects on SGP predictions are not dramatic [30]. Of course, 
applied stress intensities relevant to hydrogen embrittlement can be an order 
of magnitude lower, and yield stresses for relevant materials may be twice 
as high. This would imply SGP effects persist to only 40–100 nm, which 
is clearly problematic, as it is diffi cult to rationalize the neglect of specifi c 
microstructural features on this length scale. 
 As such, we anticipate that crack tip simulations to rationalize high 
stresses will track towards explicit reference to material microstructure, 
such as combining discrete dislocation simulations [4–6, 24] with specifi c 
features that alter plasticity (such as hard inclusions or local grain orientation 
variations). Clearly, however, SGP approaches cannot be ruled out until the 
scaling that emerges with fi nite deformation is fully quantifi ed. 

10.5.4 Cohesive zone modeling

As a fi nal note on crack tip stresses, it is worth mentioning the advent 
of cohesive zone models that explicitly predict crack growth as a natural 
consequence of loading and deformation, without invoking an artifi cial 
growth criterion based on singular fi elds [38–43]. Perhaps the greatest 
opportunity for these models is created by their ability to cleanly couple 
distinct treatments of the role of an intrinsic toughness (i.e. the area under an 
atomic force-separation description) and plastic deformation. This approach 
is particularly attractive for hydrogen embrittlement problems, for which 
there reason to believe that the presence of hydrogen impacts the cohesive 
strength of atomic bonds (regardless of its role in altering the nature of plastic 
deformation). One can couple fi rst-principle calculations of the effects of 
hydrogen on bond rupture to conventional plasticity descriptions [40], or 
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simply describe an intrinsic toughness that is a function of hydrogen uptake 
[41–43]. The details as to how cohesive tractions should be altered to account 
for the presence of hydrogen (without improperly impacting plasticity) are 
still emerging, and beyond the scope of this review chapter. Suffice it to 
say, cohesive zone models have shown great promise in predicting stress 
intensity thresholds and crack growth rates, and their application in this 
arena will undoubtedly grow. 

10.6 Stresses around dislocations and inclusions

10.6.1 Dislocations

The stresses and strain energies associated with dislocations (lattice defects) 
play an integral role in assessing the degree of hydrogen storage and trapping. 
This section is meant merely to provide a handy reference for classical 
elasticity solutions (for isotropic media). More complete details are available 
elsewhere [44, 45]. The stress fields surrounding pure screw and pure edge 
dislocations, as illustrated in Fig. 10.13, are summarized in Table 10.2, along 
with the associated strain energy (per unit length of the dislocation line). In 
these results, G is the shear modulus of the material, v is the Poisson ratio, 
R is the distance to a stress-free boundary, and b is the Burgers vector of the 
dislocation. The parameter ro is the minimum distance from the dislocation 
for which the elasticity solution is presumed valid.
 Note that the energy associated with the dislocation scales with size of the 
region over which energy is calculated, R: in reality, the energy associated 
with distant positions is cancelled due to that associated with image stresses. 
For practical reasons, the size of the stressed zone, R, and associated strain 
energy is defined as the distance between the dislocation and a free surface 
(for isolated dislocations) or as one half of the average distance between 
dislocations (for multiple dislocations) [44]. 
 Also, it should be noted that the linear elasticity solution breaks down 
for positions close to the dislocation core, for which the energy should be 
strictly determined from a detailed atomistic analysis of the disturbed lattice. 
A common rule of thumb, based on analysis of a periodic lattice, is to define 
the elasticity valid for r > b/4 [44]. 
 The fact that dislocation stress fields based on linear elasticity are reasonably 
accurate (subject to the limitations discussed above) enables one to generate 
an infinite array of solutions for multiple dislocation arrangements via 
superposition. Here, one of the myriad of solutions is summarized, that for 
a continuous pile-up of edge dislocations near an obstacle. The dislocation 
distribution is assumed to be described by a continuous dislocation density, 
which defines a displacement discontinuity along the plane of the pile-up: 
in essence, the dislocation pile-up is a slit that cannot support shear stress 

Gaseous-Vol II-10.indd   317 10/15/11   4:15:24 PM



318 Gaseous hydrogen embrittlement of metals in energy

W
oo

dh
ea

d 
Pu

bl
is

hi
ng

 L
im

ite
d

Woodhead Publishing Limited; proof copy not for publication

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

© Woodhead Publishing Limited, 2011

Table 10.2 Summary of stress fi elds and energies associated with dislocations

Screw dislocation Edge dislocation
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10.13 Schematic illustration of dislocations and coordinator systems 
used in the analysis: (a) screw dislocation, (b) edge dislocation, (c) 
array of edge dislocations trapped against an obstacle for material 
subjected to shear stress.
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but can support stresses normal to the pile-up plane. In this approach, the 
dislocation pile-up is effectively the same as a shear crack. 
 In the analysis of the pile-up (illustrated in Fig. 10.13), the coordinates 
are normalized by the length of the pile-up, l, such that the pile-up runs from 
–1 ≤  = 2x/l ≤ 1. The length of the pile-up is dictated by the total number 
of dislocations, N, and the applied shear stress, :

  
l Nb G
 =

(1 – )p n(p n(1 – p n1 – t
Ê
ËÁ
Ê
Á
Ê
ËÁË

ˆ
¯̃
ˆ
˜
ˆ
¯̄̃  

[10.24]

The dislocation distribution – in this case a linear density (dislocations per 
unit length along the pile-up) – is given by: 

  
r h t h

h( )r h( )r h  =
2 (1 – ) 1 +

1 – 
v

b G
Ê
Ëb GËb GÁ
Ê
Á
Ê
ËÁËb GËb GÁb GËb G

ˆ
¯̃
ˆ
˜
ˆ
¯̄̃  

[10.25]

In the analysis, the dislocation density at the trailing edge  = 1 is set to 
zero as a boundary condition. The stress fi eld surrounding the dislocation 
pile-up is given by:

  
s
t
xx  = –1  – {  sin  [3 (  – 1)2 + 2]} 

  + cos [–(1 + )(  – 1)2 – 2 2(  – 1)2 – 4] [10.26a]

  

s
t ayy  = – {cos [ ( 2 – (  – 1)2)] – 2 sin [ 2 ( – 1)]}

 
[10.26b]

  

s
t axy  = – {cos [5(  – 1)2 + 3 2] – 2 sin [(1 + )( – 1)3

  – 2 2 (  – 1)(2  – 1) + 4]} [10.26c]

where  = 2y/l and the additional coordinate parameters are given by:
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It should be noted that  should be defi ned to have the proper sign for each 
quadrant (i.e. positive above the pile-up and negative below).
 These solutions can be coded in symbolic mathematics software to plot 
contours of stresses and strain energy. Figure 10.14 illustrates the distribution 
of hydrostatic stresses around the pile-up, and the strain energy stored in 
the disturbed lattice. The hydrostatic stress is dominated by the xx stress, 
which is compressive above the dislocation array, and tensile beneath it. 
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10.6.2 Inclusions

The stress and deformation fields in and around an ellipsoidal elastic 
inclusion embedded in an infinite elastic matrix was solved in completely 
general terms by Eshelby [46]: this famous paper (often credited as being 
the most cited paper of all time in mechanics) describes the entire solution in 
closed form for an ellipsoid of arbitrary dimensions subjected to an arbitrary 
spatially uniform ‘transformation strain’ tensor applied to the inclusion. (This 
transformation strain can be thought of as the superposition of the inclusion 
deformation induced by remote loading and thermal strains or those associated 
with phase transformation.) Surprisingly, regardless of the aspect ratio of 
the inclusion or the remote loading conditions, the stress/strain state in the 
inclusion is spatially uniform.
 While the general solution can be obtained in closed-form, the procedure 
involves cumbersome linear algebra associated with fourth-order tensors [10, 
45]. Here, we present simplified solutions for a spherical inclusion in matrix 
that is subjected to remote uniform stress in one direction, as illustrated in 
Fig. 10.15. Both elastic mismatch (Ei = modulus of the inclusion and Em = 
modulus of the matrix), and thermal expansion mismatch are included, with 
fixed Poisson ratios to simplify the results: vi = 0.1 and vi = 0.35. Here, D  
= m – i is the difference in the coefficients of thermal expansion; DT is 
the change in temperature of the system, defined relative to the temperature 
for which there are no thermal strains in either the inclusion or matrix. (For 
simplicity, it is assumed that both the inclusion and matrix have the same 
reference temperature.) The hydrostatic stress in the inclusion is given by 
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10.14 Contours of hydrostatic stress and strain energy density 
surrounding an edge-dislocation pile-up. Contours below the crack 
are for H/  = 0.1, 0.5, 1, 1.5, 2. Energy contours for EW/  = 0.33, 1, 3, 
8.7, 26.
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the superposition of stresses arising from thermal mismatch and remote 
tension:
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•  is the remote strain at infi nity (i.e. the strain caused by the applied 
tension). The form of this equation is identical to that obtained via Eshelby’s 
analysis, and as such is asymptotically exact for all range of mismatch: the 
pre-factors in the numerator and denominator are weak functions of the 
Poisson ratio. At the risk of raising the hackles of our mentors, we avoided 
the cumbersome algebra by determining the pre-factors via fi tting to FEA 

10.15 Summary of key results for a spherical elastic inclusion 
embedded in an elastic matrix: the total stress arising from thermal 
mismatch and remote tension can be superimposed. The hydrostatic 
stress in the inclusion is spatially uniform. The hydrostatic stress in 
the matrix varies as a function of positions.
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results: in this regard, the results present here are approximate, and one will 
obtain very slightly different pre-factors when executing the full Eshelby 
solution.
 The hydrostatic stresses in the matrix at points A and B in Fig. 10.15 (A 
is directly above the inclusion in the direction of tension, while B is adjacent 
to the inclusion) are given by:
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[10.27c]

These stresses represent the maximum hydrostatic stresses in the matrix: 
stresses decay away from the interface according to (a/r)3, where a is the 
inclusion radius. Finally, the tensile stress concentration in the matrix at the 
side of the particle is given by:
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[10.27d]

10.7 Conclusions
∑ In order to evaluate the plausibility or potential impact of stress-infl uenced 

cracking mechanisms, including those involving hydrogen, one must be 
able to quantify two key aspects of the stresses and deformation near 
the crack tip: the physical length-scale over which crack tip stresses are 
elevated, and the degree of stress elevation. The present chapter provides 
a summary of classical continuum simulations of crack tip fi elds based 
on conventional elastic and elastic-plastic crack tip fi elds. 

∑ Straight – forward empirical relationships (based on fi ts to fi nite element 
solutions) greatly facilitate the estimate of crack tip stress elevation and 
the size of the elevated stress region in terms of the yield strain and 
strain hardening exponent. Similarly, condensed results are presented for 
stresses near dislocation pile-ups and inclusions. These results enable 
researchers to quickly evaluate the extent and severity of stress-assisted 
hydrogen uptake, across a broad class of materials with various types 
of plastic response and at a broad range of applied loading parameters. 
The impact of non-singular T-stresses is also elucidated using several 
example cases.

∑ This chapter provides a comparison of fi elds for stationary cracks and 
cracks growing at steady state; while the differences between stresses 
are relatively minor, there are dramatic differences in the crack opening 
profi les resulting from these two types of analyses. This could have 
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important implications for hydrogen embrittlement problems, where 
environmental transport in the wake of the crack is affected by the 
length-scales associated with crack openings. 

∑ Recent simulations of crack tip behavior that account for elevated 
hardening levels due to the presence of strain gradients, microstructural 
features and cohesive behaviors suggest that classical continuum theories 
may not accurately predict stresses near crack tip, in particular near local 
microstructural features. The present summary serves as an entry point 
to assessing the potential of these models, by enabling one to identify 
the length-scales over which discrete features or gradient effects should 
be included. 
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