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BSTRACT

 

: High accuracy, three-dimensional numerical simulations of misci-
ble displacements with gravity override, in both homogeneous and heteroge-
neous porous media, are discussed for the quarter five-spot configuration. The
influence of viscous and gravitational effects on the overall displacement
dynamics is described in terms of the vorticity variable. Density differences
influence the flow primarily by establishing a narrow gravity layer, in which
the effective Péclet number is enhanced due to the higher flow rate. Although
this effect plays a dominant role in homogeneous flows, it is suppressed to some
extent in heterogeneous displacements. This is a result of coupling between the
viscous and permeability vorticity fields. When the viscous wavelength is much
larger than the permeability wavelength, gravity override becomes more effec-
tive because coupling between the viscous and permeability vorticity fields is
less pronounced. Buoyancy forces of a certain magnitude can lead to a pinch-
off of the gravity layer, thereby slowing it down.
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INTRODUCTION

 

The stability of interfaces separating fluids of different viscosities in porous
media has been the subject of numerous investigations since the pioneering work,
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−

 

3

 

established that an adverse mobility ratio, that is, a less viscous fluid displacing a
more viscous one, generates an unstable interface. By means of experiments and,
more recently, numerical simulations, the nonlinear interfacial dynamics has been
studied as well, using a variety of physical models and geometries, compare the
review in Reference 4.

Accurate representation of the diffused interface in miscible displacements
requires a high accuracy numerical method. A combination of spectral methods
and high order, compact finite differences are employed to obtain very high accura-
cy in simulations of both two-dimensional rectilinear,

 

5,6

 

 and quarter five-spot
displacements.
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 The present investigation extends this approach to three dimen-
sions, in order to analyze the interaction of viscous and gravitational effects in the
quarter five-spot configuration.
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The paper is organized as follows. The next section presents the governing equa-
tions and the boundary and initial conditions. Numerical implementation is discussed
next. We then compare neutrally buoyant, two- and three-dimensional homogeneous
displacements. The subsequent section presents the results of a parametric study, in
which the effects of variation of density difference between the two fluids are inves-
tigated from a vorticity-based point of view for homogeneous displacements. The
influence of heterogeneous permeability is then described. Finally, the last section
highlights the main findings of this investigation and summarizes its most important
conclusions.

 

GOVERNING EQUATIONS

 

The quarter five-spot arrangement consists of a staggered, doubly periodic array
of injection and production wells, as shown in F

 

IGURE

 

 1. The mathematical model,
described in detail elsewhere,

 

10

 

 is based upon the vorticity formulation of Darcy’s
equation. We assume incompressible flow and use a convection–diffusion equation
to advance the concentration field of the injected fluid. The computational domain is
shown in F

 

IGURE

 

 2. To derive the dimensionless equations, we choose the side length

 

L

 

 of the domain as the characteristic length scale. By denoting the source strength
per unit depth as 2

 

π

 

Q

 

, we obtain the time and velocity scales as 

 

L

 

2

 

/

 

Q

 

 and 

 

Q

 

/

 

L

 

,
respectively. The viscosity 

 

µ

 

1

 

 of the injected fluid is taken as the reference value for
scaling the viscosities, whereas the difference between the fluid densities 

 

ρ
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ρ
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provides a characteristic density value. Here the index 1 refers to the injected fluid
and 2 denotes the displaced fluid. We define an aspect ratio 

 

A

 

 

 

=

 

 

 

H

 

/

 

L

 

, where 

 

H

 

 is the
domain height. The resulting governing equations in nondimensional form are

 

(1)

(2)

(3)

 

For simplicity, we refer to the terms on the right hand side of the vorticity equation
as 

 

permeability vorticity,

 

 

 

viscous vorticity,

 

 and 

 

gravitational vorticity.

 

 Three dimen-
sionless parameters appear in these equations

 

(4)

(5)
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where 

 

c

 

 denotes the concentration of the injected fluid, 

 

k

 

 represents the isotropic per-
meability, and 

 

µ

 

 and 

 

ρ

 

 are the concentration dependent viscosity and density, respec-
tively. We take the scalar diffusion coefficient to be a constant 

 

D

 

. The dimensionless
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parameters are the Péclet number 

 

Pe

 

, the gravity parameter 

 

G

 

, and the viscosity ratio
parameter 

 

R

 

.
The velocity is obtained through a three-dimensional vector potential

 

11

 

 as

 

(7)

(8)

u ∇ ψ×=

∇2ψ ω–=

FIGURE 2. The three-dimensional computational domain.

FIGURE 1. The quarter five-spot arrangement of injection and production wells.
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At the vertical boundaries symmetry conditions are assumed. The top and bottom
represent no-flux boundaries. By denoting the spatial components of 

 

ψ

 

 and 

 

ω

 

 as
(

 

φ

 

, 

 

θ, χ

 

) and (

 

ξ

 

, 

 

η

 

, 

 

ζ

 

), respectively, we obtain

 

(9)

(10)

(11)

 

To avoid an initially singular concentration distribution, we specify as the initial
condition, at a small but finite time, the self-similar concentration profile corre-
sponding to the radially symmetric problem.
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 It has the form

 

(12)

 

where 

 

r

 

0

 

 represents the initial radial location of the front. It determines the 

 

effective
starting time

 

 

 

t

 

0

 

 

 

>

 

 0 of the computation as

 

(13)

NUMERICAL IMPLEMENTATION

 

The numerical solutions are obtained with a combination of sixth-order compact
finite difference

 

13

 

 and spectral methods,

 

14,15

 

 in conjunction with an explicit third-
order time stepping scheme.

 

Time Stepping Scheme

 

The concentration field is advanced in time by an explicit third order Runga–
Kutta method.

 

16

 

 Writing the concentration Equation 

 

(3)

 

 as

 

(14)

 

we obtain
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(15)

where

Solution of the Poisson Equation

The solution procedure for the Poisson equation governing the vector potential is
described for the example of the first component of Equation (8)

(16)

Due to the periodicity in the x- and y-directions, this equation can be solved by a
Fourier Galerkin method. The Fourier coefficients aij and bij of the vector potential
and vorticity fields, respectively, are given by

(17)

(18)

A second order ODE for aij(z) is obtained by substituting Equations (17) and (18)
into (16)

(19)

By using compact finite differences to approximate d2a/dz2, we obtain the following
pentadiagonal system

where

A fine spatial and temporal resolution is required in order to resolve accurately all
the length scales present in the domain, especially at high Péclet numbers. Time
steps as small as O(10−6) are used, whereas typical spatial resolutions employ
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256×256×32 modes; that is, 2×106 grid points. For some parameter values a spatial
resolution of 513×513×64 are used. A preliminary analysis was conducted to deter-
mine the appropriate grid spacing for various parameter combinations. An impor-
tant criterion in this regard is the cutoff mode provided by the linear stability
analysis.12,17 The grid spacing is required always to be smaller than the cutoff
wavelength. In addition, we also track the energy in the highest Fourier mode and
require it to be less than 0.001% of the maximum energy in the spectrum. We also
require the maximum and minimum numerical concentration levels to remain
between 1.001 and −0.001, respectively, We have found that these particular values
of the constraints guarantee convergence and stability of the numerical results. Our
numerical algorithm is parallelized for optimal performance.18

COMPARISON BETWEEN TWO- AND THREE-DIMENSIONAL,
NEUTRALLY BUOYANT DISPLACEMENTS

For a neutrally buoyant displacement without externally imposed initial perturba-
tions in the vertical direction, the present three-dimensional algorithm exactly repro-
duces the two-dimensional results reported elsewhere.7 In order to trigger a three-
dimensionally evolving flow, we introduce random initial concentration perturba-
tions of the form

(20)

where γ denotes the disturbance amplitude, f represents a field of random numbers
uniformly distributed in the interval [−1, 1], and σ specifies the width of the initially
perturbed layer around the mean interface position r0. The simulations to be dis-
cussed below employ γ = 0.025 and σ = 0.003, as well as an initial interface location
of r0 = 0.2.

Random initial perturbations of the above form give rise to substantial fingering
activity from the very start. FIGURE 3 presents a simulation for Pe = 800, R = 2.5, and
G = 0; that is, without density contrast. The number of fingers in both the horizontal
and vertical planes at early times are consistent with the linear stability results, as
shown in FIGURE 3A. The number of fingers is greatly reduced at later times, as seen

c x y z t0, , ,( ) c0 x y t0, ,( ) γf x y z, ,( )e

r r0–( )2–

σ2
-----------------------

,+=

FIGURE 3. Concentration iso-surfaces obtained for random initial perturbations and
G = 0, Pe = 800, R = 2.5, and A = 1/8, at times (A) 0.04 and (B) 0.14. Nonlinear interaction
mechanisms of merging, shielding, and fading can be observed.
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in FIGURE 3B. This is expected, both on the basis of linear stability results for vertical
modes, as well as due to the nonlinear mechanisms of finger interaction, that is,
merging and shielding.5

The magnitude of disturbances is obtained from the norm of vorticity, which is
defined by

(21)

A quantitative comparison between the two- and three-dimensional displace-
ments is given in FIGURE 4. The higher vorticity level in the three-dimensional sim-
ulation reflects a strong finger growth, which eventually leads to an earlier
breakthrough, as shown in FIGURE 4. Here the breakthrough time tb is defined as the
time when the concentration of the injected fluid first reaches 1% somewhere along
the height of the production well. Correspondingly, the overall efficiency η of the
displacement process is given as the fraction of the total domain volume occupied
by the injected fluid at the time of breakthrough, η = πtb/2.

Comparison of the vorticity magnitudes in FIGURE 4 indicates a significant differ-
ence between two- and three-dimensional displacements in the quarter five-spot
geometry, even for neutrally buoyant flows. This is somewhat unexpected in light of
other findings,19,20 where only small differences between two- and three-dimensional
rectilinear flows were observed. This is attributed to the lack of a vortex stretching
term in Darcy’s flow,19 since it is this term that causes quite fundamental differences

ω t( ) 1
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FIGURE 4. Comparison of the vorticity norm for the two- and three-dimensional cas-
es for two different Péclet numbers. Higher vorticity values in the three-dimensional case
result in a lower efficiency as compared to the two-dimensional case, for both small and
large Pe. The higher vorticity level in the three-dimensional case results from the additional
instability toward axial waves.17
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between two- and three-dimensional flows governed by the Navier–Stokes equations.
For quarter-spot displacements on the other hand, the higher vorticity level for three-
dimensional displacements is due to an effective redistribution of the concentration
gradient associated with the changes in the wavelength ratio of the most amplified
vertical and horizontal waves.17 Consequently, higher overall concentration fluctua-
tions than in the purely two-dimensional case generate faster growing fingers for the
three-dimensional case, which leads to an earlier breakthrough.

In order to demonstrate the validity of the simulations for the nonlinear stages,
FIGURE 5 compares the present two- and three-dimensional simulation data for the
displacement efficiency with experimental results.21,22 The experiments quoted do
not provide sufficient information to calculate a Péclet number. However, numerical
simulations performed at Pe = 800 agree reasonably well with the experimental data
for various viscosity ratios. The three-dimensional simulations are seen to lead to
better agreement than their two-dimensional counterparts, especially at high viscos-
ity ratios. Different Pe values result in somewhat different values of η, however, the
trend of a continued decrease in η with R at large R values is more accurately repre-
sented by the three-dimensional simulations, independent of Pe. Similarly, the inclu-
sion of a dispersion model would be expected to result in somewhat different values
of η.

Three-dimensional simulations more accurately represent the displacement pro-
cess by accounting for interaction between the horizontal and the vertical modes. We
quantify this interaction by analyzing the relative magnitude of the norm for the ver-
tical and the horizontal components of viscous vorticity. FIGURE 6 shows that the

FIGURE 5. Displacement efficiency as a function of the viscosity ratio. Experimental
data21,22 are compared with numerical two-dimensional data for Pe = 800 (obtained with
the present three-dimensional code using two-dimensional initial perturbations), and with
the present three-dimensional data for Pe = 800. The three-dimensional results exhibit sig-
nificantly better agreement with the experimental data.
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horizontal modes, associated with vertical vorticity, dominate early on at time
t < 0.05 for both Pe = 200 and 400, when  > 1. However, the negative
slope of  for Pe = 400 and early times shows that the energy in the vertical
modes is growing at a higher rate. For Pe = 800, the ratio soon drops below 1, indi-
cating the dominance of the vertical modes. This relative importance of the vertical
modes at early times, for Pe = 400 and 800, is predicted by linear stability theory.17

The situation subsequently changes due to the onset of nonlinear behavior. It is
important to note that for later times  > 1, which indicates that the hori-
zontal modes play a relatively more important part in the displacement dynamics.
Also note that at later times  exhibits a minimum. This reflects the fact
that for large Pe values the strength of the vertical vorticity is reduced as a result of
nonlinear interactions among the horizontal modes. The dominance of the horizontal
modes is due to the mean flow in the horizontal planes. Additional simulations show
that  is independent of the aspect ratio, but only for neutrally buoyant dis-
placements. Interaction between the horizontal and vertical modes qualitatively
changes in displacements with gravity override, as is discussed below.

HOMOGENEOUS DISPLACEMENTS WITH GRAVITY OVERRIDE

In the following, we discuss the influence of the governing dimensionless param-
eter G on the overall features of the displacement process in a homogeneously per-
meable domain. How those flows are altered by the effects of density stratification

ωv ωh⁄
ωv ωh⁄

ωv ωh⁄

ωv ωh⁄

ωv ωh⁄

FIGURE 6. Ratio of the vertical to the horizontal vorticity norm for various values of
Pe, R = 2.5, G = 0, and A = 1/8.  gives the relative strength of the horizontal and
the vertical disturbances, respectively. For initial time t < 0.05, horizontal modes dominate
for Pe = 200 whereas vertical modes gain in strength for Pe = 400 and 800. A minimum
value of the ratio is observed for t > 0.12 as a function of Pe.

ωv ωh⁄
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in comparison with the purely viscous instability studied by Chen and Meiburg7 will
be one of the main issues to be analyzed here.

FIGURE 7 presents concentration contours for the case of Pe = 800, R = 2.5,
G = 0.5, and A = 1.8; that is, all parameters except G have the same values as in
FIGURE 3. The simulation employs a grid of size 257×257×32, as well as a time step
of O(10−6). The injected fluid, being lighter than the displaced fluid, tends to rise
towards the upper boundary of the domain. A gravity layer is thus established in
which the flow rate is higher than elsewhere in the domain. Both the gravity layer as
well as the underride region below it give rise to well developed fingers as early as
t = 0.04. The number of fingers decreases as the interface evolves due to both hori-
zontal and vertical interactions among the fingers (cf., FIG. 7B). The thickness of the
gravity layer is seen to increase, due to multiple mergers with the fingers directly
below it. It is important to note the wide range of length scales produced during the
displacement.

At t = 0.14 the growth of the fingers along the diagonal in the gravity layer is tem-
porarily slowed by fingers approaching from below (FIG. 7C). The resulting buoy-
ancy induced pinch-off effect,6 cuts off the fluid supply of high velocity fingers in
the gravity layer and leads to their gradual fading. This gives a chance to fingers far-
ther away from the diagonal to break through first at t = 0.21. The pinch-off mecha-
nism thus delays the time of breakthrough.

Closely related to the structure of the interface is the vorticity field. Equation (2)
shows that vorticity is generated due to concentration gradients, which in turn deter-
mine the velocity field. Equation (2) also shows that gravitational vorticity compo-

FIGURE 7. Concentration iso-surfaces for Pe = 800, R = 2.5, G = 0.5, and A = 1/8 at
times 0.04, 0.08, 0.14, and 0.21. A gravity layer with numerous fingers evolves early on
and becomes dominant around t = 0.14. The coupling of viscous and gravitational instabil-
ity renders the gravity layer susceptible to a pinch-off by the underride fingers. Break-
through is achieved by fingers in the gravity layer at t = 0.21.



352 ANNALS NEW YORK ACADEMY OF SCIENCES

nents can reinforce or cancel directly only the horizontal viscous vorticity
components. FIGURE 8 plots isosurfaces of the viscous and gravitational vorticity
components for the flow shown in FIGURE 7. Dark (light) shading represents negative
(positive) values of vorticity. The horizontal and vertical components of the viscous
vorticity are seen to form elongated dipole structures along the edges of the fingers,
whereas the gravitational vorticity develops a more complex spatial structure. The
buoyancy driven pinch-off shown in FIGURE 7B and C occurs due to the local rein-
forcement of the horizontal components of viscous and gravitational vorticity. Note
that the spatial distribution of the gravitational vorticity shown in the figure is simi-
lar, but of opposite sign to that of the vertical viscous vorticity. This reflects the fact
that both the vertical viscous vorticity and the gravitational vorticity are associated
with horizontal concentration gradients.

We now consider a situation with a larger density contrast. FIGURE 9 depicts con-
centration isosurfaces from a simulation with the same parameter values as above,
except that G = 2. The mesh size here is 513×513×64. A strong gravity layer devel-
ops, in which the effective local Péclet number is large enough to sustain multiple
tip splitting events. Most importantly, the gravity layer becomes increasingly domi-
nant and moves far ahead of the underride region. The fingering activity in the under-
ride region is subdued, as can be seen from a comparison of FIGURES 7C and 9B.
Hence we note that increasing G values stabilize the underride region. This form
of shear stabilization is studied in detail elsewhere.23 In the present case, it has a
detrimental effect on the overall efficiency of the displacement process, because it

FIGURE 8. Iso-surfaces of (A) vertical viscous, (B) horizontal viscous, and (C) grav-
itational vorticity components for Pe = 800, R = 2.5, G = 0.5, and A = 1/8 at t = 0.14. The
buoyancy driven interaction occurs due to the local reinforcement of the horizontal com-
ponents of viscous and gravitational vorticity. The spatial distribution of gravitational vor-
ticity is similar in shape, but of opposite sign to that of the vertical viscous vorticity.
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prevents the slowing of the gravity layer by pinch-off events. Consequently, the
breakthrough time is reduced by almost 20% as G is increased from 0.5 to 2.

The influence of the gravity override mechanism can be evaluated by considering
the relative strengths of waves in the horizontal and vertical directions, as reflected
by the ratio of the vertical to the horizontal viscous vorticity in FIGURE 10. It is to be
kept in mind that waves in a horizontal plane are associated with vertical vorticity
and vice versa. FIGURE 10A shows the cases depicted in FIGURES 7 and 9, as well as
a case for G = 0.25. The ratio  decreases uniformly with an increase in
G, reflecting the emergence of a strong gravity layer. Throughout the displacement
process, the interplay of vertical and horizontal vorticity components is strongly
affected by G. A comparison of the efficiencies listed in FIGURE 10A shows that the

ωv ωh⁄

FIGURE 9. Concentration iso-surfaces for G = 2.0, Pe = 800, R = 2.5, and A = 1/8 at
times (A) t = 0.04 and (B) t = 0.14. The gravity layer dominates the displacement. A sig-
nificant reduction of the fingering activity in the underride region can be observed at this
value of G. The breakthrough time is 0.165.

FIGURE 10. Ratio of the norms of vertical to horizontal viscous vorticity components
as a function of G. Increase in G uniformly strengthens the vertical component of viscous
vorticity. Optimal interaction between the horizontal and the vertical modes is given by

 ≈ 1.ωv ωh⁄
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maximum efficiency is achieved at G = 0.5, as an optimal interaction between the
two components is achieved with the ratio  close to unity throughout the
displacement process. A similar optimal behavior is observed in FIGURE 10B for
G = 0.5. A possible interpretation of the optimal interaction phenomenon is that the
initial dominance of vertical viscous vorticity develops the underride fingers, and the
later dominance of buoyancy effects allows these fingers to pinch off the gravity lay-
er. If G is too large, the underride fingers do not develop to a point where a meaning-
ful interaction with the gravity layer can be sustained. On the other hand, if G is too
small, the gravity effect is not strong enough to allow the underride fingers to curve
upward and pinch off the gravity layer. Note that the optimal interaction mechanism
is very sensitive to the interfacial structure, which is in turn strongly dependent upon
the initial conditions. Given the high cost of numerical simulations, we have not car-
ried out a detailed study of this phenomenon. On the other hand, a gain of a few per-
cent in efficiency can be important for enhanced oil recovery processes, so that a
detailed investigation of this phenomenon would appear to be a worthwhile pursuit.

HETEROGENEOUS DISPLACEMENTS WITH GRAVITY OVERRIDE

Spatial permeability variation introduces an additional vorticity component relat-
ed to permeability, as given by Equation (2). Details about constructing a random per-
meability field k with horizontal and vertical wavelengths m and n, respectively, and
variance s are given elsewhere.24 From the previous section we see that if the injected
fluid is lighter than the displaced fluid gravitational vorticity can give rise to a gravity
layer that substantially alters the characteristics of the flow.6,25 Within the gravity
layer the fingers are enhanced, whereas in the underride region they are suppressed.

For homogeneous quarter five-spot displacements, a larger gravity parameter G
generally results in earlier breakthrough, although for some parameter combinations
intermediate values of G have been observed for which the efficiency is optimized
due to specific interactions between the horizontal and vertical modes.10 Two-
dimensional rectilinear displacements26 demonstrate that the effect of gravity over-
ride is considerably reduced by permeability heterogeneities, due to the coupling
between the viscous and permeability vorticities. As a result, an optimal efficiency
is achieved at an intermediate variance level.

The influence of gravity override is shown in FIGURE 11 for a representative com-
bination of displacement parameters, at various values of the gravity parameter G.
Comparison of the G = 0.5 case in FIGURE 11B with the G = 0 case in FIGURE 11A
shows that gravity override strengthens the fingers close to the upper boundary, while
weakening those near the lower boundary. Although the gravity layer is not
as pronounced for the present, heterogeneous case as it is for the corresponding
homogeneous case,10 a slight diversion of the flow from the underride region to the
gravity layer for G = 0.5 slows the rapid movement of the dominant fingers in the
underride region observed for G = 0 in FIGURE 11A. Consequently, for the case
G = 0.5, FIGURE 11B shows that the gravity layer fingers are slightly stronger as com-
pared to the G = 0 case, which results in an improvement of the efficiency. It should
be pointed out that the maximum in the recovery curve for an intermediate G in the

ωv ωh⁄
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above case is due to the location of the dominant flow path in the underride region.
If the flow path with the lowest resistance were instead located close to the upper
boundary, there would be a monotonic decrease in efficiency with increasing G.

Note that the gravity layer is relatively weak for the present, heterogeneous case,
as compared to the corresponding homogeneous flow.10 This fact, which is similar
to observations for rectilinear flows, indicates that at the level of s = 0.1 the hetero-
geneity is already too strong for the coupling between the viscous and permeability
vorticities to be effectively modified by the gravitational vorticity component. This
is confirmed by FIGURE 12, which depicts the same flows as FIGURE 11, except that
s = 0.01. Here the gravity layer is much stronger, which leads to a lower break-
through efficiency for s = 0.01 than for s = 0.1, for both G = 0.5 and 1.

The above observation reflects the fact that the dominant path is selected not only
on the basis of its permeability. Also important is its potential to support a resonant
amplification, which partly depends on its geometric nature, and also on the local
flow rate, which in turn is a function of the overall gravitational effect. Hence, the
flow can select a relatively low permeability path over one with higher permeability,
as long as it supports a strong resonant amplification.

FIGURE 11. Concentration isosurfaces for the gravity override case. Pe = 400, R = 2.5,
s = 0.1, m = 20, n = 20, t = 0.14 and various values of G. By encouraging the development of
a gravity layer along the top boundary, the dominant fingers close to the lower boundary are
weakened resulting in an improvement in efficiency as G goes from 0 to 0.5. Further increase
in the gravity override effect at G = 1 strengthens the fingers in the gravity layer resulting in
a reduction in efficiency. Due to the coupling between viscous and permeability vorticities,
the gravity override effect is weaker than in homogeneous displacements.
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The relatively weak dependence of heterogeneous displacements on the gravity
parameter, as compared to their homogeneous counterparts, is also reflected in the
norms of the vertical and horizontal viscous vorticity fields. Since gravitational
effects primarily result in horizontal vorticity, it is instructive to analyze the ratio
of the vertical to the horizontal viscous vorticity norms  shown in
FIGURE 13. We vary both the horizontal (m, FIG. 13A) and the vertical (n, FIG. 13B)
permeability wave number. In each case the homogeneous displacement is more
strongly affected by the horizontal vorticity (i.e., by gravitational effects) than any
of the heterogeneous displacements. Note that the influence of gravity, 
decreases with m and it increases with n.

Individual random realizations of the permeability field can strongly influence the
fingering dynamics, and consequently the displacement efficiency.24 We have not
attempted to run sufficiently many simulations in order to obtain statistically signif-
icant averages, due to the prohibitive computational expense. Instead, we have lim-
ited ourselves to identifying the generic mechanisms that govern heterogeneous
displacements. The accurate prediction of the displacement efficiency for a specific
permeability field would, of course, require complete knowledge of the permeability
distribution.27

ωv
v ωv

h⁄ ,

ωv
v ωv
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FIGURE 12. Concentration isosurfaces for the same cases as in FIGURE 11, but with a
lower variance, s = 0.01. The lower level of heterogeneity allows the gravity layer to devel-
op relatively freely, which results in a monotonic decrease in efficiency. The higher effi-
ciency for s = 0.1 as compared to s = 0.01 for G = 0 is due to a weakening of the gravity
layer, as well as the strengthening of the off-diagonal fingers, at s = 0.1.
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CONCLUSIONS

The present investigation employs high accuracy numerical simulations in order
to analyze three-dimensional miscible displacements with gravity override in
the quarter five-spot geometry. Even for neutrally buoyant displacements, three-
dimensional effects are seen to change the character of the flow in a way that cannot
be anticipated from two-dimensional simulations alone. This is in contrast to the
case of rectilinear miscible flows, for which the inclusion of the third dimension is
found19,25 to have generally small effects. Part of the difference between two- and
three-dimensional quarter five-spot flows can be attributed to the enhanced interac-
tion of disturbances in three dimensions, resulting from the time dependence of the
most amplified axial mode.17 By forcing a large scale redistribution of concentra-
tion gradients, the temporal change of the axial wave number introduces an addi-
tional source of instability in the system.

Density differences have a significant influence on the displacement, primarily
through the production of a narrow gravity layer that bypasses much of the resident
fluid to arrive at the production side ahead of the underride region, thereby reducing
the displacement efficiency. However, for certain parameter combinations buoyancy
forces of the right magnitude can pinch off the gravity layer and hinder its movement
towards the production well.

The interaction of viscous and gravitational effects is analyzed on the basis of
their respective contributions to the temporal evolution of the vorticity field. The
gravitational effect is associated with an increase in the horizontal vorticity compo-
nent, whereas the viscous effect is related to both horizontal and vertical vorticity

FIGURE 13. Ratio of the vertical and horizontal viscous vorticity norm. Pe = 400,
R = 2.5, G = 0.5, s = 0.1, A = 1.8, (A) n = 20, (B) m = 20. Gravity override increases the
relative strength of disturbances in the vertical direction, which are associated with horizon-
tal vorticity. For the homogeneous case  < 1. On the other hand, the ratio exceeds
unity for most heterogeneous cases, which implies that the perturbations in the horizontal
directions are dominant. The ratio decreases with increasing m and it increases with n.
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components. As expected, the gravitational effect primarily operates on vertical
disturbances.

In the presence of density differences, the potential for gravity override becomes
important. Although this effect is seen to play a dominant role in homogeneous dis-
placements, it is suppressed to some extent in heterogeneous displacements, even for
relatively small values of the heterogeneity variance. This is a result of the coupling
between viscous and permeability vorticity fields. For small vertical permeability
wavelength relative to the viscous wavelength, gravity override is somewhat more
effective because the coupling between viscous and permeability vorticity fields is
less pronounced, so that the large scale fingering structures become more responsive
to buoyancy effects. This is confirmed by the ratio of the vertical to the horizontal
viscous vorticity norm, which decreases with increasing values of the vertical corre-
lation wave number.
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